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Abstract. We introduce and study the analogous of the Auslander- 
Buchweitz approximation theory (see [2]) for triangulated categories T. 
We also relate different kinds of relative homological dimensions by us- 
ing suitable subcategories of T. Moreover, we establish the existence 
of preenvelopes (and precovers) in certain triangulated subcategories of 

r. 



Introduction. 

The approximation theory has its origin with the concept of injective en- 
velopes and it has had a wide development in the context of module categories 
since the fifties. 

In independent papers, Auslander, Reiten and Smalo (for the category 
mod (A) of finitely generated modules over an artin algebra A) , and Enochs 
(for the category Mod [R) of modules over an arbitrary ring R) introduced a 
general approximation theory involving precovers and preenvelopes (see [3], 
g] and 0). 

Auslander and Buchweitz (see p]) studied the ideas of injective envelopes 
and projective covers in terms of maximal Cohen-Macaulay approximations 
for certain modules. In their work, they also studied the relationship between 
the relative injective dimension and the coresolution dimension of a module. 
They developed their theory in the context of abelian categories providing 
important applications in several settings. 

Based on [2], Hashimoto defined the so called "Auslander-Buchweitz con- 
text" for abelian categories, giving a new framework to homological approxi- 
mation theory (see |10p. 

Recently, triangulated categories entered into the subject in a relevant way 
and several authors have studied the concept of approximation in both con- 
texts, abelian and triangulated categories (see, for example, [I] [7], [8] and 

m)- 
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In this paper, we develop a relative homological theory for triangulated 
categories, we do so, similarly as it was done by Auslander and Buchweitz 
for abelian categories in [2 . Along this work, we denote by T an arbitrary 
triangulated category (no necessarily closed under arbitrary coproducts) and 
by ^ a class of objects in T. 

The paper is organized as follows: In Section 1, we give some basic notions 
and properties of the theory of triangulated categories, that will be used in 
the rest of the work. 

In Section 2, we study the notion of A'-resolution dimension which allows 
us to characterize (see Proposition [2TT0]) suspended subcategories of T- 

In Section 3, the properties of the A'-projective (respectively, fY-injective) 
dimension and its relation to the A'-resolution dimension (respectively, cores- 
olution) are established. The main result of this section is the Theorem 13.41 
that relates different kinds of relative homological dimensions by using suit- 
able subcategories of T. 

In Section 4, we focus our attention to the notions of A'-injectives and 
weak-cogenerators in X. These concepts will allow us to introduce in [12] the 
notion of the Auslander-Buchweitz context for triangulated categories. We 
relate these ideas to the concepts of injective and coresolution dimension. 
This leads us to characterize several subcategories that will be very useful in 
|12| . Moreover, in the Theorem 14.41 we establish the existence of A'-precovers 
and oj^-preenvelopes. 

In a forthcoming paper (see [12j). a connection between Auslander-Buchweitz 
contexts and co-t-structures is established. The term co-t-structure first ap- 
peared in [13^. This concept corresponds to the notion of weight structure 
studied by Bondarko (see [6]) in the context of triangulated categories with 
arbitrary coproducts. In [6], weight structures are studied in connection with 
the theory of motives and stable homotopy theory. It seems to be that co- 
t-structures are more relevant for general triangulated categories than the 
so called ^-structures since they exists more often than ^-structures and still 
contain all the information on their "adjacent t-structures" (see 0). 



1. Preliminaries 

Throughout this paper, 7" will be a triangulated category and T, : T ^ T 
its suspension functor. For the sake of tradition, we set X[n] :— S"Ar for any 
integer n and any object X € T- All the subcategories of T to be considered 
in this paper will be full, additive and closed under isomorphisms. 
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An important tool, which is a consequence of the octahedral axiom in 7", 
is the so-called co-base change. That is, for any diagram in T 

X > Y 



Z 

there exists a commutative and exact diagram in T 



W[-l] = W[-l] 



U[-l] > X 

II 1 

U\-l] > z 



Y 



u 



E 



-> U 



w 



w 



where exact means that the rows and columns, in the preceding diagram, are 
distinguished triangles in T- The base change, which is the dual notion of 
co-base change, also holds. 

Let X and y be classes of objects in T. We put := {Z G T : 
liomr{Z,~)\x = 0} and := {Z e T : Homr(-,^)U = 0}. We de- 
note hy X * y the class of objects Z G T for which exists a distinguished 
triangle X ^ Z ^ Y ^ X[l] in T with X e X and Y e y. It is also weh 
known that the operation * is associative (see [5] 1.3.10]). Furthermore, it is 
said that X is closed under extensions ii X * X fZ X. 

Recall that a class X of objects in T is said to be suspended (respec- 
tively, cosuspended) if X[l] C X (respectively, ^[—1] C X) and X is closed 
under extensions. By the following lemma, it is easy to see, that a suspended 
(cosuspended) class X of objects in 7", can be considered as a full additive 
subcategory of T- 

Lemma 1.1. Let X be a class of objects in T. 

(a) If d X then y C X * y for any class y of objects in T- 

(b) If X is suspended (cosuspended), then G A" and X — X * X . 

Proof. (a) If G A" then we get 3^ C A" * 3^ by using the distinguished 
triangle F H F -J- for any Y <zy. 
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(b) Let X be cosuspended (the other case, is analogous). Then, it follows 
that G A" since we have the distinguished triangle ^[—1] — >0— >X— 
for any X ^ X. Hence (b) follows from (a). □ 

Given a class X of objects in T, it is said that X is closed under cones 
if for any distinguished triangle A ^ B ^ C ^ A[l\ in T with A, B G 
X we have that C E X. Similarly, X is closed under cocones if for any 

distinguished triangle A ^ B ^ C ^ A[l] in T with B,C E X we have that 
A ex. 

We denote by Ux (respectively, x^^) the smallest suspended (respectively, 
cosuspended) subcategory of T containing the class X. Note that if X is 
suspended (respectively, cosuspended) subcategory of 7", then X = Ux (re- 
spectively, X — xU)- We also recall that a subcategory U of T, which is 
suspended and cosuspended, is called triangulated subcategory of T- A 
thick subcategory of T is a triangulated subcategory of T which is closed 
under direct summands in T. We also denote hy Cx the smallest thick sub- 
category of T containing the class X. 

Finally, we recall the following definition (see [3], [7], [5] and [S])- 

Definition 1.2. Let X andy be classes of objects in the triangulated category 
T ■ A morphism f : X ^ C in T is said to be an A'-precover of C if X e X 
and RorariX'J) : Homr(^',^) ^ Homr(X',C) is surjective VX' G X. If 
any C E y admits an X-precover, then X is called a precovering class in y. 
By dualizing the definition above, we get the notion of an /Y-preenveloping 
of C and a preenveloping class in y. 

2. RESOLUTION AND CORESOLUTION DIMENSIONS 

Now, we define certain classes of objects in T which will lead us to the 
notions of resolution and coresolution dimensions. 

Definition 2.1. Let X be a class of objects in T . For any natural number n, 
we introduce inductively the class s!^{X) as follows: Eq (<-f) := X and assuming 
defined e^_]^(A'), the class e^('-f) is given by all the objects Z £ T for which 
exists a distinguished triangle in T 

Z[-l] > W > X > z 

with W e e^_i(A:') and X eX. 

Dually, we seteQ{X) :— X and supposing defined e'!^_i{X), the class e^(A') 
is formed for all the objects Z £ T for which exists a distinguished triangle in 

T 

Z > X > K > Z[l] 

with K G £n-i{X) and X e X. 

We have the following properties for {X) (and the similar ones for ( A") ) . 
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Lemma 2.2. Let T be a triangulated category and n a natural number. Then, 
the following statements hold. 

(a) For any Z G T and n > 0, we have that Z G ^ni^) '^'^'^ only if 
there is a family {Kj Xj — > Kj^i Kj[l], < j < n — 1} o/ 
distinguished triangles in T with Kq — Z, Xj G X and K.^ G X . 

(b) el{X)^el^^{X) andOee^iX). 

(c) IfOeX then X[-j] C {X) for all j > 0. 

Proof. (a) If n = 1 then the equivalence foUows from the definition of 
ei{X). Let n > 2 and suppose (by induction) that the equivalence is true 
for e^_i{X). By definition, Z G s^^{X) if and only if there is a distinguished 
triangle in T 

Z > Xo > Ki > Z[l] 

with Ki G e^_i{X) and Xq G X. On the other hand, by induction, we have 
that Ki G e]^_i{X) if and only if there is a family {Kj — ^ Xj —5- Kj^i ^ 
Kj [1] 1 < j < 71 — 1} of distinguished triangles in T with Xj G X and A'„ G X; 
proving (a). 

(b) Let X £ X. Since 0— ?>X-$X— >Oisa distinguished triangle in T, it 
follows that G ei{X). On the other hand, using the distinguished triangle 

X H X ^ ^ X[l] in r and since G e^iX), it follows that A") C e^{X). 
Let Z G s'^{X). Consider the distinguished triangle Z ^ X ^ K ^ Z[l] in 
T with X G A:" and X G e,^_i(A'). By induction e^_i(A') C £,^+i(A') and so 
Z e e^'^+sCA'); proving (b). 

(c) Let G A and X G A. Since X[-l] ^ ^ X H X is a distinguished 
triangle in T, we get that -'^"[— 1] S ei{X). From the distinguished triangle 
X[— j] ^ — ^ — 1)] X[—{j — 1)] and induction on j, it follows that 
X[-j]ee]iX). D 

Following [2 and [Zl , we introduce the notion of <¥- resolution (respectively, 
coresolution) dimension of any class y of objects of T. 

Definition 2.3. Let X be a class of objects in T. 

(a) X^ := U„>o e^,iX) and X^ U„>o £,'((A). 

(b) For any M £ T, the A" -resolution dimension of M is resdim;^ (M) := 
min{n > : M G e!^{X)} if M G X^; otherwise resdimA'(M) := oo. 
Dually, the A -coresolution dimension of M is coresdim;f (M) := 
min{n > : Me e^^{X)} if M G A^; otherwise coresdimA-^M) := 
oo. 

(c) For any subclass y of T , we set resdim;^' (3^) := max {resdim;^ (Af ) : 
M G 3^}. Similarly, we also have coresdim;^ (3^). 

Lemma 2.4. Let X be a class of objects in T with G A". Then, £^(A)[1] C 
e^+i(A) for any n G N; and hence X^ is closed under positive shifts. 
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Proof. Let Z G e^ilA"). Using the distinguished triangle Z H Z -J> Z[l], 
we get the result. □ 

Remark 2.5. (1) Observe that a suspended class U of T is closed under 

cones. Indeed, if A ^ B ^ C A[l] is a distinguished triangle in T 
with A,B € U then A[1],B S U; and so we get C (z U. Similarly, if U is 
cosuspended then it is closed under cocones. 

(2) Let {y, u) be a pair of classes of objects in T with uj C y. If y is 
closed under cones (respectively, cocones) thenui^ C y (respectively, ui^ '^y)- 
Indeed, assume that y is closed under cones and let M G. cj^. Thus M G e^{co) 
for some n £ N. // n = then M G to Q y. Let n > 0, and hence there is a 
distinguished triangle M[—l] -^K^Y^MinT with K € e!^_i{oj) and 
Y €y. By induction K Gy and hence M Gy since y is closed under cones; 
proving that oj^ C y. 

(3) Note that X'^ C Ux (respectively, C xU) since lAx (respectively, 
xU) is closed under cones (respectively, cocones) and contains X. 

Using the fact that the functor Horn is a cohomological one, we get the 
following description of the orthogonal categories. In particular, observe that 
xU-^ (respectively, -^Ux) is a suspended (respectively, cosuspended) subcate- 
gory of T. 

Lemma 2.6. For any class X of objects in T, we have that 

(a) ^Ux ^{Z gT : }iomr{Z,X\i]) = 0, Vi > 0,VX e X}, 

(b) xH^ = {Z gT : }iomriX\i],Z) = 0, Vi < 0,VX e X}. 

Proof. It is straightforward. □ 

Lemma 2.7. Let y and X be classes of objects in T, n > 1 and Z gT- The 
following statements hold. 

(a) The object Z belongs to y*y['[\*- ■ ■*y\n—l]*X[rii] if and only if there 

exists a family [K^ Y^ ~¥ K^+i Ki[\] : € 3^, < i < n — 1} 
of distinguished triangles in T with Kq G X and Z = Kn. 

(b) The object Z belongs to X[—n] * y[—n + 1] * • • • * 1] *y if and only 
if there exists a family {ii'i+i — >■ 1^ — >■ JC, ii'i+i [1] : Yi G y, < 
i <n — 1} of distinguished triangles in T with Kq G X and Z = Kn- 

Proof. (a) We proceed by induction on n. If n = 1 then (a) is trivial. 
Suppose that n > 2 and consider the class 

Z„_i y * y[l\ *---*y[n-2]*X[n- 1]. 

It is clear that 3^*3^[1] * • • • * — 1] * ^"[71] = y * and then, we have 

that Z Gy * y\\.] * • • • * y[n — 1] * X[n] if and only if there is a distinguished 
triangle 

K > Y > Z > K[l\ 
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in T with Y ^ y and K G Zn-i- On the other hand, by induction, we 
have that K G Zn-i if and only if there is a family {Ki — ^ li — ^ -ft'i+i 
Ki[l\ : G < i < n — 2} of distinguished triangles in T with ii'o G 
and -fC = Kn-i- So the result follows by adding the triangle above to the 
preceeding family of triangles, 
(b) It is similar to (a). □ 

Corollary 2.8. Let y be a class of objects in T, n > 1 and Z,K G T- The 

object Z belongs to y * y[l] * • • • * y[n — 1] * K[n] if and only if K belongs to 

z[-n] * y[-n + 1] * ... =1= 3;[-i] * y. 

Proof. It follows from [2J] by taking X = {K} in (a) and X = {Z} in (b). 

□ 

Corollary 2.9. Let X and y be classes of objects in T. Then, the following 
statements hold. 

(a) e^CV) = 3^ * y[l] y[n] for any n G N. 

(b) resdim^(A') < n < oo if and only if X C y * y[l] *•••=(= y[n]. 

(c) IfX*XCX then X*X^ CX^. 

Proof. The item (a) follows from 12.71 and 12.11 The proof of (b) and (c) are 
obtained from (a). □ 

The following result will be useful in this paper. The item (a) already ap- 
peared in |7j. We also recall that Cx stands for the smallest thick subcategory 
of T containing the class of objects X. 

Proposition 2.10. For any cosuspended subcategory X of T and any object 
C G T, the following statements hold. 

(a) resdim;^ (C*) < n if and only if C X[n\. 

(b) X^ — Un>o X[n\ and X^ is the smallest triangulated subcategory of 
T containing X. 

(c) If X is closed under direct summands in T, then Cx — X^. 

Proof, (a) We assert that A" * ^"[1] * • • • ^ ^"[71] = X[n] for any n > 1. Indeed, 
since e X (seeO (b)), it follows that X[n] C X * X[l] * ■ ■ ■ 1= X[n\ fseefLT] 
(a)). On the other hand, using that X*X C X and .^[^ 1] C X, it follows that 
X*X[l]*---*X[n] = {X[-n]*X[-n+l]*- ■ ■*X)[n] C {X*---*X)[n] C X[n]; 
proving the assertion. Hence (a) follows from the assertion above and l2.9l (a). 

(b) From (a), we get the equality in (b); and hence it follows that X^ is 
closed under positive and negative shifts. We prove now that X^ is closed 
under extensions. Indeed, let X[n] — > F — > X'[m] — > X[n][l] be a distin- 
guished triangle in T with X, X' G X. We may assume that n < m and then 
X[n] = — TO][m] G X[m] since n — to < and C X. Using now that 

X is closed under extensions, it follows that Y G X[m] C X^; proving that 
X^ is closed under extensions. Hence X^ is a triangulated subcategory of T 
and moreover it is the smallest one containing X since X^ = U„>o X[n]. 



8 



O. MENDOZA, E. C. SAENZ, V. SANTIAGO, M. J. SOUTO SALORIO. 



(c) It follows from (b). □ 

3. Relative homological dimensions 

In this section, we introduce the A'-projective (respectively, injective) di- 
mension of objects in T. Moreover, we stablish a result that relates this rela- 
tive projective dimension with the resolution dimension as can be seen in the 
Theorem 1331 

Definition 3.1. Let X be a class of objects in T and M an object in T. 

(a) The A'-projective dimension of M is 

T>Ax{M) := min{n > : Homr(M[-j], -) 0, Vi > n}. 

(b) The A'-injective dimension of M is 

\dx{M) min{n > : Homr(-, Af [i]) \x= 0, Vi > n]. 

(c) For any class y of objects in T, we set 

Y>dx{y) ■■= max{pd;t-(C) ■ C e y} and idx{y) := niax{id;f (C) : C ey}. 

Lemma 3.2. Let X be a class of objects in T- Then, the following statements 
hold. 

(a) For any M € T and n gN, we have that 

(al) pdx{M) <n if and only if M G ^Vlx[n + 1]; 
(a2) idx{M) < n if and only if M e xU^[-n - 1]. 

(b) Y"^\y{X) = \dx{y) for any class y of objects in T ■ 

Proof, (a) follows from l2.6| and (b) is straightforward. □ 
Proposition 3.3. Let X be a class of objects in T and M G 7". Then 
pd_^.(M) = resdimij^^[i](Af) and id;t'(Af) = coresdim^j^i[_i](M). 

Proof. Since ^Ux is cosuspended (see 12.61 fa)), the first equality follows 
from 13.21 (al) and 12.10] (a). The second equality can be proven similarly. □ 

Now, we prove the following relationship between the relative projective 
dimension and the resolution dimension. 

Theorem 3.4. Let X and y be classes of objects in T- Then, the following 
statements hold. 

(a) pd;t'(-^) < V<^x{y) + resdimj;(L), VL G T. 

(b) If y Ux n ^Ux\^ and y is closed under direct summands in 7", 
then 

pdx {L) = resdim^; (L) , VL G . 
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Proof. (a) Let d :— resdini3;(i) and a pd;^{y). We may assume that 
d and a are finite. We prove (a) by induction on d. If d = 0, it follows that 
L ^ y and then (a) holds in this case. 

Assume that d > 1. So we have a distinguished triangle K ^ Y ^ L ^ K[l] 
in T with Y E y and K £ ^d-iiy)- Applying the cohomological functor 
Hom7-(— , M[j]), with M e X, to the above triangle, we get and exact sequence 
of abelian groups 

RomriK[l],M[j]) ^ Homr(L,Af[j]) ^ Homr(F, M[j]). 

By induction, we know that pdp^{K) < a + d~l. Therefore Hom7-(L, Af [j]) = 
for j > a + d and so pd;^.(L) < a + d. 

(b) Let y C Ux l^x[^] and y be closed under direct summands in T- 
Consider L £ y^ and let d := resdimy(L). By 13.21 we have that pd^iy) = 
and then pd^iL) < d (see (a)). We prove, by induction on d, that the equality 
given in (b) holds. For d = it is clear. 
Suppose that d = 1. Then, there is a distinguished triangle 

7]-. Yi^Yo^L AYi[l]mT with Yiey. 

If pd;t-(L) = then L e -^Ux[l] (seeE^l)- Hence / = since y CUx; and 
therefore rj splits giving us that L £ y, which is a contradiction since d = 1. 
So pd_^.(L) > proving (b) for d = 1. 

Assume now that d > 2. Thus we have a distinguished triangle K ^ Y ^ 
L K[l] in r with Y ey,K e e^^j^iy) and pdx{K) = d - 1 (by inductive 
hypothesis). Since pdp^{L) < d, it is enough to see pdxiL) > d — 1. So, in case 
pdx{L) < d — 1, we apply the cohomological functor Hom7-(— , X[d]), with 
X £ X, to the triangle L K[l] -^Y[l] L[l]. Then we get the following 
exact sequence of abelian groups 

Homr(F[l],X[d]) Homr(if[l],X[d]) ^ UomriL, X[d]). 

Therefore Homr(if[l], X[d]) = contradicting that pd;t'(^) = d ~ I. This 

means that pd^^iL) > d — 1; proving (b). □ 

Remark 3.5. Note that ifY e Uxr\^Ux[l] then Y[j] (f. Uxn^Ux[l] Vj > 0. 

The following technical result will be used in the Section 4. 

Lemma 3.6. Let X , y and Z he classes of objects in T. Then, the following 
statements hold. 

(a) pdy{X^)=pdy{X). 

(b) IfXCZC X^ then pdy{Z) = pdy{X). 

Proof. To prove (a), it is enough to see that pd-^; [X'^) < pdy {X). Let M G 
X^ . We prove by induction on d :— coresdim;^ (M) that pd^ {AI) < pdy {X). 
We may assume that a pdy {X) < oo. If d = then we have that M e X 
and there is nothing to prove. 



10 



O. MENDOZA, E. C. SAENZ, V. SANTIAGO, M. J. SOUTO SALORIO. 



Let d > 1. Then we have a distmguished triangle A/ — > X — > A' — ^ M[l] 
in T with X e X , K & ej^_i{X) and pdy (K) < a (by inductive hypothesis). 
Applying the cohoniological functor Hom7-(— , with F G 3^, we get the 

exact sequence of abelian groups 

ilomr{X,Y[i]) Romr{M,Y[i\) llomriK,Y[i + 1]). 

Therefore Hom-j- {M,Y[i]) = for i > a since pdy (K) < a. So we get that 

pd^ {X'^)<pdy (X). 

Finally, it is easy to see that (b) is a consequence of (a). □ 

The following two lemmas resembles the so called "shifting argument" that 
is usually used for syzygies and cosyzygies in the Ext" functor. 

Lemma 3.7. Let X and y be classes of objects in T such that id;f (3^) — 0. 
Then, for any X e X, k > and Kn <E y * y[l] * ■ ■ ■ * y[n - 1] * Ko[n], there 
is an isomorphism of abelian groups 

Homr(X, Ko[k + n])~ Homr(X, if„[/c]). 

Proof. Let X e X, k > and e y * y[l] * ■ ■ ■ * y[n - 1] * Ko[n]. By 
12.71 (a), we have distinguished triangles rji : Ki ^ Yi ^ Ki+i Ki[l] with 
Yi ^ y, < i < n — 1. Applying the functor llomj-{X[—k], — ) to rji, we get 
the exact sequence of abelian groups 

iX[~k],Y,) ^ iX[-k],K,+,) ^ iX[-kiK,[l]) ^ 

where (— , — ) := Hom7-(— , — ) for simplicity. Since id;f (3^) — 0, it follows that 
Iiom-r{X[—k], Ki+i) ~ Iiom-r{X[~k], Ki[l]). Therefore, by the preceding iso- 
morphism, we have 

Homr(X, Kn[k]) ~ Homr(X, Kn-i[k + 1]) - ■ • ■ - Homr(X, Ko[k + n]). □ 

Lemma 3.8. Let X and y be classes of objects in T such that pd;^.(3^) ~ 0. 
Then, for any X e X, k>0 and K,, £ KQ[-n] * y[-n + 1] * • • • * * y, 

there is an isomorphism of abelian groups 

Homr(A"o, X[k + n])^ HomT(is:„, 
Proof. The proof is similar to the one given in 13.71 bv using [2771 (b). □ 

4. RELATIVE WEAK-COGENERATORS AND RELATIVE INJECTIVES 

In this section, we focus our attention on pairs {X, w) of classes of objects 
in T. We study the relationship between weak-cogenerators in X and cores- 
olutions. Also, we give a characterization of some special subcategories of 

r. 

Definition 4.1. Let [X,u) be a pair of classes of objects in T . We say that 

(a) u! is a weak-cogenerator in X, if oj C X C X[—l] * oj; 

(b) OJ is a weak-generator in X, if ui C X C uj * X[l]; 
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(c) uj is A'-injective if idA'(i^) — 0; and dually, uj is A'-projective ij 

V^xiyj) = 0. 

The following result say us that an A'-injective weak-cogenerator, closed 
under direct summands, is unique (in case there exists). 

Proposition 4.2. Let {X,ui) be a pair of classes of objects in T such that lo 
is X-injective. Then, the following statements hold. 

(a) is X-injective. 

(b) If LJ is a weak-cogenerator in X, and uj is closed under direct sum- 
mands in T, then 

u = xnxU^[-i] = A-nw^. 

Proof, (a) It follows from the dual result of 13.61 (a). 

(b) Let u! C X C_ X[—l\ * UJ and uj be closed under direct summands in T. 

We start by proving the first equality. Let X ^ X D xi^^[—^]- Since 
X C 1] * a;, there is a distinguished triangle 

rj: X X' ^ X[l] in T with X' e X andW £ uj. 

Moreover X € ^-^-^[-1] implies that Homr(-, = (see El] (b)). 
Hence rj splits and so X € uj; proving that X Ci xl^^[—^ ^ uj. The other 
inclusion follows from 13.21 (a2) since ui C X and idx{oj) = 0. 
On the other hand, it is easy to see that uj C X n uj^ and since idx{i^^) ~ 0, 
it follows from[3?2](a2) that XHuj^ CXn ^-^^-^[-1]; proving (b). □ 

Proposition 4.3. Let {X,uj) be a pair of classes of objects in T, and uj he 

closed under direct summands in T. If uj is an X-injective weak-cogenerator 
in X, then 

Xnuj"" = {X eX : idxiX) < oo}. 

Proof. Let M e A" n w^. We assert that idx{M) < d < oo where 
d :— coresdim^(Af). Indeed, from 12.21 (a) and 12.71 (a), there is some Wd G 
u! * oj[l] * • • • * oj[d — 1] * AI[d] with Wd € uj. So, by 13.71 we get an isomor- 
phism IIom7-(X, M[k + d\) ~ IIom7-(X, Wd[fc]) for any A: > 0; and using that 
id;i'(ti;) = 0, it follows that Y{omq-{X , M[k -\- d\) — Q for any /c > 0, proving 
that idA'(M) < d. 

Let N € X he such that n :— \dx{N) < oo. Using that X C 1] * ui, we 
can construct a family {Ki Wi ^ Ki+i Ki[l\ : Wi G w, < i < n — 1} 
of distinguished triangles in T where Kq :— N and Ki £ X , \/i < i < n. 
Thus, bv l2.7l (a), it follows that Kn £ uj * uj[l] * ■ ■ ■ * uj[n ~ 1] * N[n]; and so by 
Owe get that HomT(X, Kn[k]) ~ Homr(X, N[k + n]), WX e A", V/c > 0. But 
Homr(X,7V[fc + n\) = 0, VX e A, V/c > because idxiN) = n. Therefore 
idxiKn) = and then K,, G uj (see O and 1121(b)); proving that N € XHuj"^. 
□ 
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Now, we arc in condition to prove the following result. In the statement, 
we use the notions of precovering and preenveloping classes (see Section 1). 

Theorem 4.4. Let {X,uj) be a pair of classes of objects in T, X be closed 
under extensions and u) be a weak-cogenerator in X. Then, the following state- 
ments hold. 

(a) For all C G X'^ there exist two distinguished triangles in T : 

C[-l] > Yc > Xc C with Yc G and Xc e X, 

C Y^ > X'^ > C[l] with Y^ e and X'^ e X. 

(b) If uj is X-injective, then 

(bl) Yc[l] € X-^ and ipc is an X-precover of C, 

(b2) 1] G """(w^) and '{P is a oj^ -preenvelope of C. 

Proof, (a) Let C £ X^. We prove the existence of the triangles in (a) by 
induction on n := resdimA'(C). If n = 0, we have that C G X and then we 

can consider C[— 1] ^ C ^ C as the first triangle; the second one can 
be obtained from the fact that X C 1] * ui. 

Assume that n > 0. Then, we have a distinguished triangle C[— 1] Ki ^ 
Xa — !> C in T with Xq £ X and resdimA'(-ft'i) = n — 1. Hence, by induction, 
there is a distinguished triangle Ki — >■ Y^^ X^^ — > Ki[l] in T with 
Y^^ e uj^ and X^^ e X. By the co-base change procedure applied to the 
above triangles, there exists a commutative diagram 



C[-l] > Ki > Xo > C 

II 1 1 II 

c[-i] > > u > c 

1 1 



where the rows and columns are distinguished triangles in T. Since X^, X^^ G 
X it follows that U <E X. By taking Xc := U and Yc := Y^\ we get the 
first triangle in (a). On the other hand, since U G X and X C 1] * w, 
there exists a distinguished triangle X*^!— 1] ^ U ~> W ^ X'-^ in T with 
X'^ e X and W & ui. Again, by the co-base change procedure, there exists a 
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commutative diagram 

yKi yifi 



X^[-l] > u > w > 

II 1 1 II 

> C > > X^ 



Y^^ [1] = [1] 

where the rows and columns are distinguished triangles in T- By the second 
column, in the diagram above, it follows that Y'~^ S o;^. Hence the second row 
in the preceding diagram is the desired triangle. 

(b) (b2) Consider the triangle X'^[-l] A C Y'^ X^ with Y^ e lo^ 
and X'^ G X. Since idA-(w) = we have by S^l that idA'(a;^) = 0. Thus 
Homr(X[-l],-)|„A = for any X € X; and so X<^[-1] e ^(w^). Let / : 
C r be a morphism in T with Y e lo^. Since Tiomr{X^[-l],Y) = 0, 
we have that fg — and hence / factors through ip'-^; proving that (p^ is a 
w^-preenvelope of C. 

(bl) It is similar to the proof of (b2). □ 

The following result provides a characterization of the category . 

Corollary 4.5. Let {X,lu) be a pair of classes of objects in T such that X is 
closed under extensions andco is a weak-cogenerator in X. Then, the following 
statements hold. 

(a) //O e cj then X'' = X *uj^ = X*uj^[l]. 

(b) If X[-~l] C X then X'' ^ X ^ uj^ ^ X ^ uj^[l] ^ X[-l] ^ uj^ . 

Proof. We assert that X * uj^ <Z X^. Indeed, since u C X it follows from 
1111(a) that e^{uj) C e^{X), giving us that C A"^. Hence A" CX*X^ 
and then X*uj'^ CX'^ bvl^fc). 

(a) Let e w. By [321 (a) we have that X^ C X * ^^[M, and therefore, by 
[211(a) we get X"" C X*lu''[1] C X * lo'^ . But X * lo'^ C X * X"" C X'^ bvlTl 
(c), and then X^ ^ X *lu'' ^ X * a;^[l]. 

(b) Let C X. By 14.41 (a) and the assertion above, we have X^ C 
A"!-!] * C X C X^. On the other hand, froniHH (a), it follows that 
X^ C A:'*^'^!!]. So, to prove (b), it is enough to see that A^cj^ll] C X^. Let 
C e X Then there is a distinguished triangle Y ^ X ^ C ^ Y[l] in. 



14 



O. MENDOZA, E. C. SAENZ, V. SANTIAGO, M. J. SOUTO SALORIO. 



T with X e A:" and r e w^. Hence it follows that C g A"^ since C A''^; 
proving (b). □ 

We are now in position to prove that if uj is an .Y-injective weak-cogenerator 
in a suitable class X , then the oj^-projective dimension coincides with the X- 
resolution dimension for every object of the thick subcategory of T generated 
hyX. 

Theorem 4.6. Let {X, uj) be a pair of classes of objects in T which are closed 
under direct summands in T. If X is closed under extensions and uj is an X- 
injective weak-cogenerator in X, then 

pd„4C) = pd„(C) = resdim;t(C), VC e A"^. 

Proof. Let C e X^. By [3J] (b) and the dual of [SH (a), it follows that 
pd^(C) = id{c}.(w) = id{(7}(a;^) = pd^A(C). To prove the last equality, we 
proceed by induction on n := resdim;^ (C). To start with, we have pd^{X) = 
idx (uj) = 0. If n = then C G A" and so pd„(C) = = resdim;f (C)- 

Let n ^ 1. Then, we have a distinguished triangle Xi Xg C ^ Xi [1] 
in T with Xi e X. Bv l4.4l fa), there is a distinguished triangle Yc — > Xc ^ 
C in T with Yc E oj^ and Xc G X. By the base change procedure, 

there exists a commutative diagram 

Yc Yc 



Xi > E > Xc > Xi[l] 

vc 

Xi > Xo " > C > Xi[l] 

Yc[l] = Yc[l], 

where the rows and columns are distinguished triangles in T. Since Xi , Xc € 
X it follows that E E X. On the other hand, since Hom7-(X, y [1]) = for 
any X E X and Y E ijJ^ (see 14.21 (a)), we get that /3a = and then the 
triangle Yc ^ E ^ Xq ^ Yc[l] splits getting us that Yc E X H uj^ = uj (see 
14. 2p . On the other hand, using that pd^(A') ~ and 13.41 (a), we have that 
pd^(C) < resdim;t'(C') = 1. We assert that pd^(C) > 0. Indeed, suppose that 
pd^(C) = 0; and then Homr(C, = for any W E uj. Since Yc E uj 

we get that (3 — and hence the triangle Yc — > Xc — > C ^ Yc[l] splits. 
Therefore C E X contradicting that resdim;f (C) = 1; proving that pd^(C) = 
1 = resdim;t(C)- 
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Let n > 2. From [33] (a), we have that pd^(C) < resdnTiA' (C) = n since 
pd^{X) = 0. Then, it is enough to prove that Homr(C[— n], — 7^ 0. Con- 
sider a distinguished triangle Ki — > Xq —^C^ in T with Xg G X and 
resdini;v'(_firi) = n — 1 = pd^(-firi). Applying the functor Honi7-(— , with 
W & Lu, to the triangle C Ki[l] — > Xo[l] C[l] we get the exact sequence 
of abelian groups 

TloiariXo[l],W[n]) Homr(i^i[l], ^ Homr(C, 

Suppose that Homr(C[-n], = 0. Then ilomr{Ki[l],W[n]) = since 
idAf(w) = and n> 2; contradicting that pd^{Ki) = n — 1. □ 

Lemma 4.7. Let X be a class of objects in T and A ^ B ^ C ^ A[l\ a 
distinguished triangle in T . Then 

(a) id;,(B) <niax{id;t(^),id;t(C)}; 

(b) \Ax{A) < max{id^(B),id;t(C) + 1}; 

(c) id^(C) < niax{id;t(S),id;,(A) - 1}. 
Proof. It is straightforward. □ 

Proposition 4.8. Let {X,uj) be a pair of classes of objects in T such that 
w C xU- If ^ is closed under direct summands and X-injective, then 

id^ (C) = idA' (C) = coresdim,^ (C) , "iC ^xU^uj"". 

Proof. Assume that lj is closed under direct summands and id;t'(i^) = 0. 
Let C e xl^ n Lo^ and n := coresdim(^(C). By the dual of 13.41 (b), it follows 

(*) a id^(C) < idA'(C) = coresdim^(C) = n. 

Moreover, since C e there is a distinguished triangle (77) : C ^ Wq — >■ 
Ki — > C[l] in T with Wo G uj and coresdim(^(i^i) = n — 1. Furthermore, from 
12.21 (a) we get that Ki 6 xi^ since xl^ is closed under cocones and uj C x^- 
Now, we prove the result by induction on a. 

Let a = 0. We assert that C G w (note that if this is true, then the 
result follows). We proceed by induction on n. If n = it is clear that 
C G oj. So we may assume that n > 0, and then, applying 14.71 to (ry) it 
follows that idi^(iiri) = 0. Hence by induction we get that Ki G uj, and so 
llom-j-{Ki,C[l]) = since idi^(C) = 0. Therefore the triangle (77) splits and 
then C G w; proving the assertion. 

Assume that a > 0. Applving |4.7l to (77), we get that id^{Ki) < a — 1. Thus, 
by induction, it follows that id^{Ki) = idx{Ki) — coresdimij(iiri) = n — 1. In 
particular, we obtain that n — 1 < a — 1 and hence by (*) the result follows. 
□ 

Proposition 4.9. Let {X,uj) be a pair of classes of objects in T such that lu 
is closed under direct summands in T, X is closed under extensions and uj is 
an X-injective weak-cogenerator in X. Then, the following statements hold. 
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(a) n;f^ =0;-^. 

(b) IfX[~l] thenU^ = uj^ = ^"^[-1] n A"^. 

Proof, (a) Let C E xU^[—l] n X^. In particular, from 14.41 fa), there exists 
a distinguished triangle Yc — > Xc — > C — > Yc[l] in T with Yc G uj^ and 
Xc G X. We assert that idx{Xc) = 0. Indeed, it follows from 14.71 (a) since 
idx{C) = = idxiYc) (see[SI2]and[U(a)). Therefore, Xc £ X n 
and bv l4.2l (b), we get that Xc G proving that C G w^. On the other hand, 
since idA'(a;^) = 0, we have from that lu^ C xU^[-l] n X'^. 

(b) Assume that <^[— 1] C X. Hence, by 11.11 (b), we have that A" is a 
cosuspended subcategory of T- Therefore, from (a), it follows that = 
l]n<Y^. Furthermore, since 1] is suspended and X^ is triangulated 

(see I2.10p . we conclude that uj^ is a suspended subcategory of 7"; and so 
l^uj C cj'^. Finally, the equality = oj^ follows from 12.51 (3). □ 

Theorem 4.10. Let {X,uj) be a pair of classes of objects in T which are 
closed under direct summands, X he cosuspended and uj be an X -infective 
weak- cog enerator in X . Then, 

£,'^(A') = X[n] = A^ n ^U^[n + 1] = A^ n ^{uj'')[n + 1], Vn > 0. 

Proof. From [2l0l we have that e'^^iX) = X[n] and X^ = U„>oA'[n]. On 
the other hand, bv 13.21 and 14. 6[ it follows that 

X^ n -^Wa,A [n + 1] = A"" n ^U^[n + 1] = X[n] n A^ = X[n]. 

Finally, since lo^ is a suspended subcategory of T (see 14.91 (b)), we have that 
^Z-/tjA = -'-(w^); proving the result. □ 

Definition 4.11. For a given class y of objects in T, we set := ([V^)^. 

Lemma 4.12. Let X be a class of objects inT- Then, the following statements 
hold. 

(a) // X'^ is closed under cocones then w~ C X'^ for any uj <Z X. 

(b) X^ is closed under cocones if and only if X^ = X^. 

(c) LfX^ ^ X~ then X^[-l] C A"^. 

Proof, (a) Let a; C A and assume that A'^ is closed under cocones. Hence 
uj^ C X^ and so by [23] (2), we conclude that oj~ QX^. 

(b) Assume that A'^ is closed under cocones. It is clear that A'^ C A~. 
On the other hand, by (a) it follows that A"^ C X^ . 

Suppose that A^ = Af^. Let A ^ _B C A[l] be a distinguished 
triangle in T with B,C in A^. Then A e A~ = A"^ and so A"^ is closed 
under cocones. 

(c) Let A"^ — A~ and consider X G A^. Since, we have the distinguished 

triangle X[-l] ^ ^ X ^ X and 0, X G A^, it follows from (b) that 
X[— 1] G X^; proving the lemma. □ 
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Corollary 4.13. Let {X,io) be a pair of classes of objects in T. If X is 
cosuspended and uj C_ X, then w~ C X^ = X^ . 

Proof. It follows from 14.121 and the fact that X^ is triangulated fsee l2.10|) . 

□ 

In case uj is an A'-injective weak-cogenerator in a cosuspended subcategory 
X of T, both closed under direct summands, the thick subcategory Ci^ can 
be characterized as follows. 

Theorem 4.14. Let {X,uj) be a pair of classes of objects in T, X be cosus- 
pended and UJ be closed under direct summands in T. If uj is an X-injective 
weak-cogenerator in X, the following statements hold. 

(a) uj~ = {C eX"" : idx{C) < oo} = X"" D {X^[-l]y . 

(b) a;~ is the smallest triangulated subcategory of X^ containing uj. 

(c) // X is closed under direct summands in T , then 

C^=uj- = Cxn{X^[~l]Y. 

Proof. Assume that uj Q X Q X[-l] * uj and idxi^^) = 0. Let 3^ {C G 
X^ : 'vlx{C) < oo}. We start by proving that w"" C y. Bv l4.131 we know that 
a;~ C X^. On the other hand, since idx{i^^) — fsee I4.2r all. we can apply 
the dual of I3.4r a). and then idx{C) < coresdim^^A (C) < oo for any C € uj""; 
proving that a;~ C 3^. 

Let C G y. By [44] (a), there is a distinguished triangle C -^- X'^' 
C[l] in r with e uj^ and X'^ e X. Hence, from [47] (b) we get that 
idx{X'^) < oo and then, by[33]-'f'^ <^ ^ proving that C e uj~ . Hence 
y C uj"" . In order to get the second equality in (a), we use 13.21 and the fact 
that X — xl^ to obtain 

{C e A"^ : idx{C) < oo} = A:"^ n (U„>o X^[-n - 1]). 

On the other hand, since 1] is suspended, then by the dual of 12.101 it 

follows that (^-^[-1])^ = u„>oA^[-n- 1] and also that {X^[-l]Y is a 
thick subcategory of T- In particular, bv l2.10[ we get (b). Finally, (c) follows 
from (a) and [240] □ 

Proposition 4.15. Let {X,uj) be a pair of classes of objects in 7", X co- 
suspended and UJ closed under direct summands in T. If uj is an X-injective 
weak-cogenerator in X, then 

(a) idUC)=idxiC), yCeu-; 

(b) w~ n„w^[-7i- 1] = w~ n A-L[-7i- 1], Vn>o. 

Proof. (a) By 12.101 and 14.141 we know that X^ and uj"" are triangulated 
subcategories of T. Furthermore, from 14.1^ it follows that uj"" C X^. Let 
C S uj"'. It is enough to prove that idx{C) < idi^{C). In order to do that, we 
will use induction on n := id(j(C). 
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Since C G X'^ , we have from 14.41 the existence of a distinguished triangle 
{t]) : C ^ ^ X'^ ^ C[l] in T with e lo"" C and X'=^ e X. 
We assert that e A" fl w^. Indeed, using that lu"" is triangulated we 
conclude that X'^ e ATlw" and hence idx{X'^') is finite (see 14. 141 (a)). Thus 
e A" n by 14.31 proving the assertion. 

Let n = 0. Then id„(X'^) = since id^(yC) = (see and mil). On the 
other hand. l478l gives the equalities coresdini^(X'^) = idi^{X'~^) — 0. Hence 
X'^ G w and since idcj(C) = 0, it follows that RomriX^ , C[l]) = 0. Therefore, 
the triangle (77) splits giving us that C is a direct summand of Y'^ , and hence 
id;t(C)<id;,(r^)<id;,K) = 0. 

Assume that n> 0. Since idx{Y'^') = = id^{Y'^), it follows from 14. 71 that 
idui{X'^') < n-1. Hence, by induction idA'(^"^) < idui{X'^') < n-1. Therefore, 
applying again l4?7l to the triangle (77), we get that idx{C) < n = ida;(C); 
proving the result. 

(b) Bv l3.2i the item (a) and the fact that = X the result follows. □ 
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AUSLANDER-BUCHWEITZ APPROXIMATION THEORY 
FOR TRIANGULATED CATEGORIES 



O. MENDOZA, E. C. SAENZ, V. SANTIAGO, M. J. SOUTO SALORIO. 



Abstract. We introduce and develop an analogous of the Auslander- 
Buchweitz approximation theory (see [2] ) in the context of triangulated 
categories, by using a version of relative homology in this setting. We 
also prove several results concerning relative homological algebra in a 
triangulated category 7", which are based on the behavior of certain sub- 
categories under finiteness of resolutions and vanishing of Horn-spaces. 
For example: we establish the existence of preenvelopes (and precovers) 
in certain triangulated subcategories of T. The results resemble various 
constructions and results of Auslander and Buchweitz, and are concen- 
trated in exploring the structure of a triangulated category T equipped 
with a pair {X, cu), where X is closed under extensions and w is a weak- 
cogenerator in X, usually under additional conditions. This reduces, 
among other things, to the existence of distinguished triangles enjoying 
special properties, and the behavior of (suitably defined) (co) resolutions, 
projective or injective dimension of objects of T and the formation of 
orthogonal subcategories. 



Introduction. 

The approximation theory has its origin with the concept of injective en- 
velopes and it has had a wide development in the context of module categories 
since the fifties. 

In independent papers, Auslander, Reiten and Smalo (for the category 
mod (A) of finitely generated modules over an artin algebra A) , and Enochs 
(for the category Mod (R) of modules over an arbitrary ring R) introduced a 
general approximation theory involving precovers and preenvelopes (see [3], 
[4] and [9]). 

Auslander and Buchweitz (see ^) studied the ideas of injective envelopes 
and projective covers in terms of maximal Cohen-Macaulay approximations 
for certain modules. In their work, they also studied the relationship between 
the relative injective dimension and the coresolution dimension of a module. 
They developed their theory in the context of abelian categories providing 
important applications in several settings. 
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Based on j2], Hashimoto defined the so called "Auslander-Buchweitz con- 
text" for abelian categories, giving a new framework to homological approxi- 
mation theory (see [TUI). 

Recently, triangulated categories entered into the subject in a relevant way 
and several authors have studied the concept of approximation in both con- 
texts, abelian and triangulated categories (see, for example, [I] [7], [8] and 

In this paper, we develop a relative homological theory for triangulated 
categories, we do so, similarly as it was done by Auslander and Buchweitz 
for abelian categories in |2j. Along this work, we denote by T an arbitrary 
triangulated category (no necessarily closed under arbitrary coproducts) and 
hy X a. class of objects in T- 

The paper is organized as follows: In Section 1, we give some basic notions 
and properties of the theory of triangulated categories, that will be used in 
the rest of the work. 

In Section 2, we study the notion of <Y-resolution dimension which allows 
us to characterize the triangulated subcategory A-y-{X) of T, generated by a 
cosuspended subcategory X of T (Theorem I2.5|) . 

In Section 3, the properties of the A'-projective (respectively, ^Y-injective) 
dimension and its relation to the A'-resolution dimension (respectively, cores- 
olution) are established. The main result of this section is the Theorem 13.41 
that relates different kinds of relative homological dimensions by using suit- 
able subcategories of T- 

In Section 4, we focus our attention to the notions of /Y-injectives and 
weak-cogenerators in X. We relate these ideas to the concepts of injective and 
coresolution dimension. This leads us to characterize several triangulated 
subcategories; and moreover, in the Theorem l4.4l we establish the existence of 
A'-precovers and w^-preenvelopes. Finally, in the Theorem I4.14| for a given 
pair {X, uj) satisfying certain conditions, we give several characterizations of 
the triangulated subcategory Ax'^iuj) of X^ generated by oj. 

In a forthcoming paper (see [12j). a connection between Auslander-Buchweitz 
approximation theory in triangulated categories and co-i-structures (see [6] 
and ^3\) is established. 



1. Preliminaries 

Throughout this paper, T will be a triangulated category and T, : T ^ T 
its suspension functor. For the sake of tradition, we set X[n] := S"Ar for any 
integer n and any object X € T- The term subcategory, in this paper, means: 
full, additive and closed under isomorphisms subcategory. 
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An important tool, which is a consequence of the octahedral axiom in 7", 
is the so-called co-base change. That is, for any diagram in T 

X > Y 



Z 

there exists a commutative and exact diagram in T 

W[-l] = W[-l] 



X > Y > U 

1 1 II 

Z > E > U 



W = W 

where exact means that the rows and columns, in the preceding diagram, are 
distinguished triangles in T- The base change, which is the dual notion of 
co-base change, also holds. 

Let X and y be classes of objects in T. We put := {Z G T : 
Kouir{,Z,~)\x = 0} and X^ := {Z T : Homr(-,^)U = 0}. We de- 
note hy X * y the class of objects Z G T for which exists a distinguished 
triangle X ^ Z ^ Y ^ X[l\ \i\ T with X G A" and F G 3^. It is also weh 
known that the operation * is associative (see [5] 1.3.10]). Furthermore, it is 
said that X is closed under extensions ii X * X fZ X. 

Recall that a class X of objects in T is said to be suspended (respec- 
tively, cosuspended) if X[l] C X (respectively, 1] C X) and X is closed 
under extensions. By the following lemma, it is easy to see, that a suspended 
(respectively, cosuspended) class X of objects in T, can be considered as a 
subcategory of T- 

Lemma 1.1. Let X be a class of objects in T. 

(a) If (z X then y C X * y for any class y of objects in T- 

(b) // X is either suspended or cosuspended, then G A" and X = X * X . 

Proof. (a) If G A" then we get 3^ C A" * 3^ by using the distinguished 
triangle F ^ F -J- for any Y <zy. 



U[-l] > 

U\-l] > 
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(b) Let X be cosuspended (the other case, is analogous). Then, it follows 
that G A" since we have the distinguished triangle ^[—1] — >0— >X— 
for any X ^ X. Hence (b) follows from (a). □ 

Given a class X of objects in T, it is said that X is closed under cones 
if for any distinguished triangle A ^ B ^ C ^ A[l\ in T with A, B G 
X we have that C E X. Similarly, X is closed under cocones if for any 

distinguished triangle A ^ B ^ C ^ A[l] in T with B,C E X we have that 
A ex. 

We denote by Ux (respectively, x^^) the smallest suspended (respectively, 
cosuspended) subcategory of T containing the class X. Note that if X is 
suspended (respectively, cosuspended) subcategory of 7", then X = Ux (re- 
spectively, X — xU)- We also recall that a subcategory U of T, which is 
suspended and cosuspended, is called triangulated subcategory of T- A 
thick subcategory of T is a triangulated subcategory of T which is closed un- 
der direct summands in T- We also denote by A7-(A') (respectively, /S.^i'^T) 
to the smallest triangulated (respectively, smallest thick) subcategory of T 
containing the class X. Observe that A7-(A') C /^q-[X). For the following 
definition, see [3], [7], and [9]. 

Definition 1.2. Let X andy be classes of objects in the triangulated category 
T. A morphism f : X C in T is said to be an <Y-precover of C if X e X 
and RomriX'J) : Homr(X',X) Homr(X',C) is surjective \/X' G X. If 
any C £ y admits an X-precover, then X is called a precovering class in y. 
By dualizing the definition above, we get the notion of an ^Y-preenveloping 
of C and a preenveloping class in y. 

Finally, in order to deal with the (co)resolution, relative projective and 
relative injective dimensions, we consider the extended natural numbers N := 
N U {oo}. Here we set the following rules: (a) x -I- oo = oo for any x £ N, (b) 
a; < oo for any x G N and (c) min(0) :— oo. 

2. RESOLUTION AND CORESOLUTION DIMENSIONS 

Now, we define certain classes of objects in T which will lead us to the 
notions of resolution and coresolution dimensions. 

Definition 2.1. Let X be a class of objects in T. For any natural number n, 
we introduce inductively the class s!^{X) as follows: Eq (<-f) := X and assuming 
defined e^_]^(A'), the class s^i^{X) is given by all the objects Z E T for which 
exists a distinguished triangle in T 

Z[-l] > W > X > z 

with W G e^,_i{X) and X eX. 



AUSLANDER-BUCHWEITZ APPROXIMATION THEORY 



5 



Dually, we setSQ^X) :~ X and supposing defined e'!^_i{X), the class £^(A') 
is formed for all the objects Z G T for which exists a distinguished triangle in 
T 

Z > X > K > Z[l] 

with K e e^.ilA") and X e X. 

We have the foUowing properties for e^{X) (and the similar ones for e]f^{X)). 

Proposition 2.2. Let T be a triangulated category, X be a class of objects 
in T, and n a natural number. Then, the following statements hold. 

(a) For any Z T and n > 0, we have that Z G ^ni'^) */ '^^'^ on^j/ if 
there is a family {Kj[~l] — > Kj+i Xj Kj, < j < n — 1} of 
distinguished triangles in T with Ko = Z, Xj G X and Kn G X . 

(b) e^{X) = *^^^X[i\ ■.= X*X[l]*---*X[n]. 

(c) e';i{X) C e'^_^^{X) and G e^^. 

(d) IfOeX then X[n] C e!;;{X) and e^{X)[l] C e^,+j^{X). 

Proof. (a) If ri = 1 then the equivalence follows from the definition of 
ei{X). Let n > 2 and suppose (by induction) that the equivalence is true 
for e!^_-f^{X). By definition, Z G e^^{X) if and only if there is a distinguished 
triangle in T 

Z[-l] > Ki > Xo > Z 

with Ki G e!^_i{X) and Xq G X. On the other hand, by induction, we have 
that Ki G e^_i{X) if and only if there is a family {i4rj[— 1] Kj^i Xj — > 
Kj, I < j < n — 1} of distinguished triangles in T with Xj G X and K„ G X; 
proving (a). 

(b) By definition, we have that e!^{X) — X * e^_i{X)[l]. So, by induction, 
it follows that e,^(A') = X* i*"^aX[i])[l] = X[i]. 

(c) Let X £ X. Since ^ X -4 X ^ is a distinguished triangle in 
T, it follows that G ei{X). On the other hand, using the distinguished 

triangle X[-l] ^ ^ X -4 X in T and since G e^(<-f), it follows that 
£o (^) ^ £2 ('^)- Let Z G e^{X). Consider the distinguished triangle Z[-l] ^ 
K X ^ Z mT with X G A" and if G e'^_^{X). By induction e'^^^{X) C 
£'^j^T^{X) and so Z G e^+2('^); proving (c). 

(d) Assume that G A". For the first inclusion, we use (b) to get the 
equality e^('^) = £^_i{X) * X[n], and so, the inclusion follows from II. ll (a) 
since G e^_i(A'). 

For the second inclusion, let Z G £'^{X). Using the distinguished triangle 
zH Z Z[l\, we get that Z[l] G e.^^+i(A'). □ 

Following [2 and 7 , we introduce the notion of resolution (respectively, 
coresolution) dimension of any class y of objects of T- 

Definition 2.3. Let X he a class of objects in T ■ 
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(a) A-^ := U„>o e^liX) and X"" := U„>o e^(A'). 

(b) For any M £ T, the A" -resolution dimension of M is 

resdiniA'(M) := min{n G N : Me 
Dually, the A'-coresolution dimension of M is 

coresdini;t(A^) := niin{n G N : Me e^(A')}. 

(c) For any subclass y of T , we set resdim;^' (3^) := max{resdim;f (M) : 
M e y}. Similarly, we also have coresdini;^^ (3^) • 

Corollary 2.4. Let X and y he classes of objects in T. Then, the following 
statements hold. 

(a) resdiTiiy{X) < n < oo if and only if X C *f^Qy[i]. 

(b) If X is closed under extensions, then X * X^ C X^. 

Proof. It follows by definition and l2.2l fbV □ 

The following result will be useful in this paper. The item (a) already 
appeared in [7|- We also recall that A-j-{X) (respectively, AriX)) stands 
for the smallest triangulated (respectively, smallest thick) subcategory of T 
containing the class of objects X. 

Theorem 2.5. For any cosuspended subcategory X of T and any object C e 
T, the following statements hold. 

(a) resdim;f(C) < n if and only if C e X[n\. 

(b) X^ = Un>oX[n] = AriX). _ 

(c) If X is closed under direct summands in T, then X^ = A-j-^X). 

Proof, (a) Bv l2.2l fb). it is enough to prove that *2^oX[i] — X[n]. Indeed, 
since e X (seeO(b)), it follows from [22] that X[n] C *f^QX\i]. On the 
other hand, using that X * X C X and 1] C X, it follows that 

*-Lo m = (*r=o X[i - n])[n] C X)[n] C X[n]. 

(b) From (a), we get X^ — U„>o X[n] and hence X^ is closed under positive 
and negative shifts. We prove now that X^ is closed under extensions. Indeed, 
let X[n] ^ Y ^ X'[m] X[n][l] be a distinguished triangle in T with 
X, X' e X. We may assume that n <m and then X[n\ = X[n — m][m] e X[m] 
since n — m < and 1] C X. Using now that X is closed under extensions, 
it follows that Y e X[m] C X'^] proving that X'^ is closed under extensions. 
Hence X'^ is a triangulated subcategory of T and moreover it is the smallest 
one containing X since X'^ = U„>o X[n]. 

(c) It follows from (b). □ 

Remark 2.6. (1) Observe that a suspended class U of T is closed under 
cones. Indeed, if A ^ B C A[l] is a distinguished triangle in T 
with A, B e U then A[l], B e U; and so we get C elA. Similarly, if lA is 
cosuspended then it is closed under cocones. 
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(2) Let {y, Lu) be a pair of elasses of objects in T with uj C_ y. If y is 
closed under cones (respectively, cocones) thentu^ C y (respectively, ^y)- 
Indeed, assume that y is closed under cones and let M G ui^. Thus M e e^^(w) 
for some n G N. If n = then M G ui C y. Let n > 0, and hence there is a 
distinguished triangle M[— 1] -^K^Y^MinT with K S £^_i{uj) and 
Y € y. By induction K Gy and hence M £y since y is closed under cones; 
proving that ui^ C y. 

(3) Note that C Ux (respectively, X"^ C xi^) since Ux (respectively, 
xU) is closed under cones (respectively, cocones) and contains X. 

Using the fact that the functor Horn is a cohomological one, we get the 
following description of the orthogonal categories. In particular, observe that 
xU-^ (respectively, ^Ux) is a suspended (respectively, cosuspended) subcate- 
gory of T. 

Lemma 2.7. For any class X of objects in T, we have that 

(a) ^Ux = {Z gT : ilomriZ,X\i]) = 0, V« > 0,VX G X}, 

(b) xl^-^ = {ZgT : Homr(X[i], Z) = 0, Vi < 0, VX e X}. 

Proof. It is straightforward. □ 

Lemma 2.8. Let y and X be classes of objects in T, n > 1 and Z gT. The 
following statements hold. 

(a) The object Z belongs to y*y[l]*- ■ 1] * ^"[71] if and only if there 
exists a family {Ki Yi Ki+i Ki[l\ : Yi G y, < i < n - 1} 
of distinguished triangles in T with Kq G X and Z = Kn- 

(b) The object Z belongs to X[—n] *y[—n +!]*■•■* y[—\] *y if and only 

if there exists a family {i^i+i ^ — > i^i — > -fri+i[l] : Yi G y, < 
i < n — 1} of distinguished triangles in T with Kq G X and Z = Kn- 

Proof. (a) We proceed by induction on n. If n = 1 then (a) is trivial. 
Suppose that n > 2 and consider the class 

~y* y[l] ^■■■*y[n-2]*X[n- 1]. 

It is clear that y * ^[1] * • • • * y[n — 1] * X[rT] = y* and then, we have 

that Z e 3^ * * ■ • ■ * 3^[n — 1] * -^[n] if and only if there is a distinguished 
triangle 

K > Y > Z > K[l] 

in T with Y G y and K G Zn-i. On the other hand, by induction, we 
have that K G Zn-i if and only if there is a family {Ki Yi ^ -ft'i+i — >■ 
Ki[l] : Yi G y, < i < n — 2} oi distinguished triangles in T with Kq G X 
and K = Kn-i- So the result follows by adding the triangle above to the 
preceding family of triangles, 
(b) It is similar to (a). □ 
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Corollary 2.9. Let y be a class of objects in T, n > 1 and Z,K E T- The 

object Z belongs to y * y[V\ * • • • * y[n — 1] * K[n] if and only if K belongs to 

z[-n] * y[-n + 1] * ... * 3;[-i] * 3;. 

Proof. It follows from [m by taking X = {K} in (a) and X = {Z} in (b). 
□ 

3. Relative homological dimensions 

In this section, we introduce the A'-projective (respectively, injective) di- 
mension of objects in T- Moreover, we establish a result that relates this 
relative projective dimension with the resolution dimension as can be seen in 
the Theorem 13.41 

Definition 3.1. Let X be a class of objects in T and M an object in T. 

(a) The A'-projective dimension of M is 

pd;(.(Af) := min{n £ N : Homr(Mhi], -) 0, Vi > n}. 

(b) The A'-injective dimension of M is 

idxiM) := mm{n e N : Homr(-,M[i]) 0, Vi > n}. 

(c) For any class y of objects in T, we set 

pdxiy) :== max{pd;t.(C) : C e y} and id^(y) := ma^{idx{C) : C ey}. 

Lemma 3.2. Let X be a class of objects in T. Then, the following statements 
hold. 

(a) For any M £ and n G N, we have that 

(al) pdj^{M) <n if and only if M G ^Ux[n + 1]; 
(a2) \Ax{M) <n if and only if M € xU^[-n - 1]. 

(b) ^dy{X) = \Ax(y) for any class y of objects in T- 

Proof, (a) follows from 12.71 and (b) is straightforward. □ 
Proposition 3.3. Let X be a class of objects in T and M G T. Then 
pd;^;{M) — Tesdim±u^[i]{M) and idx{M) — coTesdim^u±[_i]{M). 

Proof. Since ^Ux is cosuspended fsee 12.71 (a)), the first equality follows 
from 13.21 (al) and 12.51 (a). The second equality can be proven similarly. □ 

Now, we prove the following relationship between the relative projective 
dimension and the resolution dimension. 

Theorem 3.4. Let X and y be classes of objects in T. Then, the following 
statements hold. 

(a) pdx{L) < pdxiy) + resdimj;(i), VL G T. 
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(b) If y Q Ux n ^Ux [1] and y is closed under direct summands in T, 
then 

pdx{L) = resdimj; (L) , VL 6 ^ ^ . 

Proof. (a) Let d := resdimj;(L) and a := pdp^{y). We may assume that 
d and a are finite. We prove (a) by induction on d. U d = 0, it follows that 
L ^ y and then (a) holds in this case. 

Assume that d > 1. So we have a distinguished triangle K Y ^ L K[l] 
in T with Y ^ y and K € £^_i{y)- Applying the cohomological functor 
Hom7-(— , M[j]), with AI e X, to the above triangle, we get and exact sequence 
of abelian groups 

Homr(/^[l], Af[j]) ^ Homr(L, ^ RomriY, M[j]). 

By induction, wc know that pd^^i^) ^ ct + d~l. Therefore Hom7-(L, M[j]) = 
for j > a + d and so pd^(_L) < a + d. 

(b) Let y C Ux l^x[^] and y be closed under direct summands in T. 
Consider L G y^ and let d := resdim3;(L). Bv 13.21 we have that pd;^.(3^) = 
and then pd^iL) < d (see (a)). We prove, by induction on d, that the equality 
given in (b) holds. For d = it is clear. 
Suppose that d = 1. Then, there is a distinguished triangle 

ri: Yi^Yo^LAYi[l]mTwithYi€y. 

If pd;t-(L) = then L G ^Ux[l] (seeE^l). Hence / = since y <^Ux; and 
therefore ry splits giving us that L G y, which is a contradiction since d = 1. 
So pd (L) > proving (b) for d = 1. 

Assume now that d > 2. Thus we have a distinguished triangle K Y ^ 
L K[l] in r with Y ey, K G e^_j^{y) and pd^^K) = d - 1 (by inductive 
hypothesis). Since pd;^.(L) < d, it is enough to see pd_^.(L) > d — 1. So, in case 
pd;i^(L) < d — 1, we apply the cohomological functor Hom7-(— , X[d]), with 
X G X,to the triangle L ^ K[l] ^Y[l] ^ L[l]. Then we get the following 
exact sequence of abelian groups 

Homr(F[l],X[d]) ^ Iloinr{K[l],X[d]) UomriL, X[d]). 

Therefore }iomr{K[l], X[d]) = contradicting that pd^iK) = d - 1. This 

means that pd_:^-(L) > d — 1; proving (b). □ 

Remark 3.5. Note that ifY G Uxr\^Ux[l] then Y[j] ^ Uxr\^Ux[l\ Vj > 0. 

The following technical result will be used in the Section 4. 

Lemma 3.6. Let X , y and Z be classes of objects in T ■ Then, the following 
statements hold. 

(a) pdy{X'')=pdy{X). 

(b) If X <ZZG X'^ then pdy{Z) = pdy{X). 
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Proof. To prove (a), it is enough to see that pdy (--f ^) < pd-^; {X). Let M G 
. We prove by induction on d :— coresdim^:' (M) that pdy (A/) < pdy {X). 
We may assume that a := pd-y {X) < oo. If d ~ then we have that AI G X 
and there is nothing to prove. 

Let d > 1. Then we have a distinguished triangle M ^ X ^ K ^ -^[1] 
in T with X G X , K e e^_'^{X) and pd-^ [K) < a (by inductive hypothesis). 
Applying the cohomological functor Hom7-(— , with F G we get the 

exact sequence of abelian groups 

llomriX,Y[i]) RomriM,Y[i\) llomr{K,Y[i + 1]). 

Therefore Hom-y- {M,Y[i]) = for i > a since pd-^ (K) < a. So we get that 

Pdy (A-^) < pd^ (X). 

Finally, it is easy to see that (b) is a consequence of (a). □ 

The following two lemmas resembles the so called "shifting argument" that 
is usually used for syzygies and cosyzygies in the Ext" functor. 

Lemma 3.7. Let X and y be classes of objects in T such that idxiy) — 0- 
Then, for any X £ X, k > and -ftr„ G 3^ * * • ■ • * y[n - 1] * KqIu], there 
is an isomorphism of abelian groups 

RomriX,Ko[k + n])~ Homr(X, if„[/c]). 

Proof. Let X e X, k > and /f„ e y* y[l] * ■ ■ ■ * y[n - 1] * Ko[n]. By 
12.81 (a), we have distinguished triangles rji : Ki — > — ^ A'j+i — > Ki[l\ with 
Yi ^y, Q < i < n — 1. Applying the functor Hom7-(X[— fc], — ) to rji, we get 
the exact sequence of abelian groups 

{X[-k],Y,) ^ (X[-fc],X,+i) ^ {X[-k],K,[l]) ^ {X[-k],Y,[l]), 

where (— , — ) := Hom7-(— , — ) for simplicity. Since id;t(3^) — 0, it follows that 
Hoiaq-{X[—k], Ki+i) ~ Hom7-(Ar[— /c], Therefore, by the preceding iso- 

morphism, we have 

Homr(A:, Kn[k]) ~ Homr(A:, Kn^i[k + 1]) ~ ■ • • - Homr(A:, Ko[k + n]). □ 

Lemma 3.8. Let X and y be classes of objects in T such that pd;^.(3^) = 0. 
Then, for any X e X, k>0 and K,, € Ko[~n] * y[-n + 1] * ... * ^[-1] * y, 
there is an isomorphism of abelian groups 

nomriKo, X[k + n]) RoniTiKn, X[k]). 
Proof. The proof is similar to the one given in 13.71 bv using \2M (b). □ 

4. RELATIVE WEAK-COGENERATORS AND RELATIVE INJECTIVES 

In this section, we focus our attention on pairs {X, w) of classes of objects 
in T. We study the relationship between weak-cogenerators in X and cores- 
olutions. Also, we give a characterization of some special subcategories of 

r. 
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Definition 4.1. Let {X,io) be a pair of classes of objects in T. We say that 

(a) u! is a weak-cogenerator in X, «/ w C A" C 1] * u; 

(b) u! is a weak-generator in X, if u C_ X C u * 

(c) u! is A'-injective if id;f (w) — 0; and dually, uj is Af-projective if 

The following result say us that an A'-injective weak-cogenerator, closed 
under direct sunimands, is unique (in case there exists). 

Proposition 4.2. Let {X^io) be a pair of classes of objects in T such that lu 
is X-injective. Then, the following statements hold. 

(a) is X-injective. 

(b) If Lo is a weak-cogenerator in X, and uj is closed under direct sum- 
mands in T, then 

UJ = X xU^[~i] = xr\uj^. 

Proof, (a) It follows from the dual result of 13.61 (a). 

(b) Let LO X Q X[—l\ * UJ and uj be closed under direct sunimands in T. 

We start by proving the first equality. Let X ^ X f^ Since 
X C 1] * w, there is a distinguished triangle 

rj: X ^ X' ^ X[l] in T with X' e X and W e uj. 

Moreover X e xU^[-l] implies that Homr(-, ^[1])^ = fsee \2l\ (h)). 
Hence 77 splits and so X G w; proving that X n 1] C uj. The other 

inclusion follows from 13.21 (a2) since uj C X and idx{uj) = 0. 
On the other hand, it is easy to see that uj C X D uj^ and since idx{uJ^) — 0, 
it follows fromlO (a2) that XCi uj^ CXn xU^ [-1]; proving (b). □ 

Proposition 4.3. Let [X,uj) be a pair of classes of objects in T, and uj he 
closed under direct summands in T. If uj is an X-injective weak-cogenerator 
in X, then 

X nuj"^ = {X e X : idx{X) < 00}. 

Proof. Let M e A" n cj^. We assert that idx{M) < d < 00 where 
d := coresdimi^(M). Indeed, from 12.21 fa) and 12.81 (a), there is some Wd & 
UJ * uj[l] * • • • * uj[d — 1] * M[d] with Wd G uj. So, by 13.71 we get an isomor- 
phism IIom7-(X, M[k + d]) ~ IIom7-(X, for any A; > 0; and using that 
idx{uj) = 0, it follows that Hom-j-iX, AI[k + d]) = Q for any A; > 0, proving 
that idx{M) < d. 

Let N £ X he such that n := id;f (^) < 00. Using that X C A:'[— 1] * uj, we 
can construct a family {Ki Wi i^i+i if^l] ■ Wi £ uj, < i < n — 1} 
of distinguished triangles in T where Kq :— N and Ki £ X , \/i < i < n. 
Thus, bv l2.8l (a), it follows that Kn £ uj * uj[l] * ■■■ * uj[n — 1] * N[n]; and so by 
Owe get that Homr(X, if„[A;]) ~ KouiriX, N[k + n]), e A, V/s > 0. But 
Homr(X,7V[fc + n]) = 0, VX e A", VA: > because idxiN) = n. Therefore 
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idA^li^n) = and then A'„ G w (see [321 and 1121 (b)); proving that iV e ATlw^. 
□ 

Now, we are in condition to prove the following result. In the statement, 
we use the notions of precovering and preenveloping classes (see Section 1). 

Theorem 4.4. Let [X , uj) he a pair of classes of objects in T, X he closed 
under extensions and uj be a weak-cogenerator in X. Then, the following state- 
ments hold. 

(a) For all C G X^ there exist two distinguished triangles in T : 

C[-l] > Yc > Xc '^'^ ) C with Yc e and Xc 6 X, 

C — Y'^ > X^ > C[l] with Y^ e and X'^ e X. 

(b) // Lo is X-injective, then 

(bl) yc[l] G oi^d, (fc is an X-precover ofC, 

(b2) 1] G -^{u!^) and ^fP is a ui'^ -preenvelope of C. 

Proof. (a) Let C G X^. We prove the existence of the triangles in (a) by 
induction on n :— resdim;f (C). If n = 0, we have that C Cz X and then we 

can consider C[— 1] — ^> C ^ C as the first triangle; the second one can 
be obtained from the fact that X C 1] * ui. 

Assume that n > 0. Then, we have a distinguished triangle C[— 1] — ^ Ki — >■ 
Xq — !> C in 7" with Xq G X and resdim;f (Xi) = n — 1. Hence, by induction, 
there is a distinguished triangle Ki Y^^ — > X^^ — > -firi[l] in T with 
G uj^ and G X. By the co-base change procedure applied to the 

above triangles, there exists a commutative diagram 

X^^[-l] = X^^[-l] 



C[-l] > Ki > Xo > C 



c[-i] > > u > c 



where the rows and columns are distinguished triangles in T. Since Xq, X^^ G 
X it follows that U e X. By taking Xc := U and Yc Y^\ we get the 
first triangle in (a). On the other hand, since U E X and X C ^[—1] * oj, 
there exists a distinguished triangle 1] — )• J7 — )■ — )• X'^ in T with 
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X'-' G X and W e uj. Again, by the co-base change procedure, there exists a 
commutative diagram 

yKi y/fi 

1 1 

X^[-l] > u > w > x^ 



> C > > X^ 

1 1 

Y^^ [I] = [1] 

where the rows and columns are distinguished triangles in T- By the second 
column, in the diagram above, it follows that Y'-^ E uj^. Hence the second row 
in the preceding diagram is the desired triangle. 

(b2) Consider the triangle X^[-l] A C Y^ ^ X'^ with Y'=^ e 
and X^ e X. Since idA'(w) we have by g^l that idx{oJ^) = 0. Thus 
Homr(X[-l],-)|„A for any X e X; and so X'^[-l] e ^(w^). Let / : 
C ^- r be a morphism in T with Y e lo"". Since Homr(X'^[-l], F) = 0, 
we have that fg — and hence / factors through (p'-^; proving that ip'^ is a 
w^-preenvelope of C. 

(bl) It is similar to the proof of (b2). □ 

The following result provides a characterization of the category X^. 

Corollary 4.5. Let (X^lo) be a pair of classes of objects in T such that X is 
closed under extensions anduj is a weak-cogenerator in X. Then, the following 
statements hold. 

(a) //O e cj then X'' ^ X *uj^ ^ X*uj^[l]. 

(b) If X[~l] C X then X"" ^ X ^ uj^ ^ X ^ uj^[l] = X[-l] ^ uj^ . 

Proof. We assert that X * uj^ <Z X^. Indeed, since u C X it follows from 
[111(a) that e^{uj) C e^l{X), giving us that C A"^. Hence A" ^w'' CX*X^ 
and then X *lo'^ CX'^ bvl^fc). 

(a) Let e Lo. By [44] (a) we have that X^ C X * ^^[M, and therefore, by 
[U(d) we get X"" C X*uj''[l] CX*lo''. But X*lu'' C X * X"" C X"" hv\2l\ 
(c), and then X"" = X * uj'' = X * uj'^ll]. 

(b) Let 1] C X. Bv 14.41 (a) and the assertion above, we have X^ C 
X[-l] * uj'^ C X * uj^ C X'^ . On the other hand, from[13|(a), it follows that 
X^ CX*ui^[l]. So, to prove (b), it is enough to see that C X^. Let 
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C e X * Then there is a distinguished triangle y — ^ X — > C — > y[l] in 

T with X e X Si-ad Y e uj^ . Hence it follows that C e X^ since C A"^; 
proving (b). □ 

We are now in position to prove that if uj is an A'-injective weak-cogenerator 
in a suitable class X, then the w^-projective dimension coincides with the X- 
resolution dimension for every object of the thick subcategory of T generated 
by A. 

Theorem 4.6. Let {X, uj) be a pair of classes of objects in T which are closed 
under direct summands in T. If X is closed under extensions and uj is an X- 
injective weak-cogenerator in X, then 

pd.A (C) = pd„ (C) = resdim;^ (C) , VC S A'^ 

Proof. Let C e X^. By [3J] (b) and the dual of [SH (a), it follows that 
pd^(C) = id[c'}{^) ~ id{c}(^'^) = pdt^A(C). To prove the last equality, we 
proceed by induction on n := resdim;i'(C). To start with, we have pd^{X) = 
idx{uj) = 0. If n = then C E X and so pd^(C) = = resdim;t'(C). 

Let n ~ 1. Then, we have a distinguished triangle Xi — >■ Xq — > C — > Xi [1] 
in T with Xi £ X. Bv 14.41 (a), there is a distinguished triangle Yc — > Xq ^ 
C — !■ Yc[l] in T with Yc E oj^ and Xc E X. By the base change procedure, 
there exists a commutative diagram 

Yc Yc 



Xi > E > Xc > Xi[l] 

vc 

Xi > Xo — C > Xi[l] 

P 

Yc[l] = Yc[l], 

where the rows and columns are distinguished triangles in T. Since Xi , Xc E 
X it follows that E E X. On the other hand, since Hom7-(X, F [1]) = for 
any X E X and Y E ijJ^ (sec 14.21 (a)), we get that /3a = and then the 
triangle Yc ^ E ^ Xq ^ Yc[l] splits getting us that Yc E X H uj^ = uj (see 
14. 2p . On the other hand, using that pd^{X) ~ and 13.41 (a), we have that 
pd^(C) < resdim;t'(C') = 1. We assert that pd^(C) > 0. Indeed, suppose that 
pd^(C) = 0; and then Homr(C, = for any W E uj. Since Yc E uj 

we get that (3 — and hence the triangle Yc — > Xc — > C ^ Yc[l] splits. 
Therefore C E X contradicting that resdim;f (C) = 1; proving that pd^(C) = 
1 = resdim;t(C)- 
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Let n > 2. From [33] (a), we have that pd^(C) < resdnTiA' (C) = n since 
pd^{X) = 0. Then, it is enough to prove that Homr(C[— n], — 7^ 0. Con- 
sider a distinguished triangle Ki — > Xq —^C^ in T with Xg G X and 
resdini;v'(_firi) = n — 1 = pd^(-firi). Applying the functor Honi7-(— , with 
W & Lu, to the triangle C Ki[l] — > Xo[l] C[l] we get the exact sequence 
of abelian groups 

TloiariXo[l],W[n]) Homr(i^i[l], ^ Homr(C, 

Suppose that Homr(C[-n], = 0. Then ilomr{Ki[l],W[n]) = since 
idAf(w) = and n> 2; contradicting that pd^{Ki) = n — 1. □ 

Lemma 4.7. Let X be a class of objects in T and A ^ B ^ C ^ A[l\ a 
distinguished triangle in T . Then 

(a) id;,(B) <niax{id;t(^),id;t(C)}; 

(b) \Ax{A) < max{id^(B),id;t(C) + 1}; 

(c) id^(C) < niax{id;t(S),id;,(A) - 1}. 
Proof. It is straightforward. □ 

Proposition 4.8. Let {X,uj) be a pair of classes of objects in T such that 
w C xU- If ^ is closed under direct summands and X-injective, then 

id^ (C) = idA' (C) = coresdim,^ (C) , "iC ^xU^uj"". 

Proof. Assume that lj is closed under direct summands and id;t'(i^) = 0. 
Let C e xl^ n Lo^ and n := coresdim(^(C). By the dual of 13.41 (b), it follows 

(*) a id^(C) < idA'(C) = coresdim^(C) = n. 

Moreover, since C e there is a distinguished triangle (77) : C ^ Wq — >■ 
Ki — > C[l] in T with Wo G uj and coresdim(^(i^i) = n — 1. Furthermore, from 
12.21 (a) we get that Ki 6 xi^ since xl^ is closed under cocones and uj C x^- 
Now, we prove the result by induction on a. 

Let a = 0. We assert that C G w (note that if this is true, then the 
result follows). We proceed by induction on n. If n = it is clear that 
C G oj. So we may assume that n > 0, and then, applying 14.71 to (ry) it 
follows that idi^(iiri) = 0. Hence by induction we get that Ki G uj, and so 
llom-j-{Ki,C[l]) = since idi^(C) = 0. Therefore the triangle (77) splits and 
then C G w; proving the assertion. 

Assume that a > 0. Applving |4.7l to (77), we get that id^{Ki) < a — 1. Thus, 
by induction, it follows that id^{Ki) = idx{Ki) — coresdimij(iiri) = n — 1. In 
particular, we obtain that n — 1 < a — 1 and hence by (*) the result follows. 
□ 

Proposition 4.9. Let {X,uj) be a pair of classes of objects in T such that lu 
is closed under direct summands in T, X is closed under extensions and uj is 
an X-injective weak-cogenerator in X. Then, the following statements hold. 



16 



O. MENDOZA, E. C. SAENZ, V. SANTIAGO, M. J. SOUTO SALORIO. 



(a) n;f^ =0;-^. 

(b) IfX[~l] thenU^ = uj^ = ^"^[-1] n A"^. 

Proof, (a) Let C E xU^[—l] n X^. In particular, from 14.41 fa), there exists 
a distinguished triangle Yc — > Xc — > C — > Yc[l] in T with Yc G uj^ and 
Xc G X. We assert that idx{Xc) = 0. Indeed, it follows from 14.71 (a) since 
idx{C) = = idxiYc) (see[SI2]and[U(a)). Therefore, Xc £ X n 
and bv l4.2l (b), we get that Xc G proving that C G w^. On the other hand, 
since idA'(a;^) = 0, we have from that lu^ C xU^[-l] n X'^. 

(b) Assume that <^[— 1] C X. Hence, by 11.11 (b), we have that A" is a 
cosuspended subcategory of T- Therefore, from (a), it follows that = 
l]n<Y^. Furthermore, since 1] is suspended and X^ is triangulated 

fsee l2.5p . we conclude that uj^ is a suspended subcategory of T; and so U^i Q 
uj^. Finally, the equality U^j = lo^ follows from 12.61 (3). □ 

Theorem 4.10. Let {X,uj) be a pair of classes of objects in T which are 
closed under direct summands, X he cosuspended and uj be an X -infective 
weak- cog enerator in X . Then, 

e,'^(A') = X[n] A^ n ^U^[n + 1] = A^ n ^{uj'')[n + 1], Vn > 0. 

Proof. From [231 we have that = X[n] and X^ = U„>o X[n]. On the 

other hand, by 13.21 and 14.61 it follows that 

X^ n ^Wa,A [n+l] = X^ri ^U^[n + 1] = X[n] n A^ = X[n]. 

Finally, since lo^ is a suspended subcategory of T (see 14.91 (b)), we have that 
^Z-/tjA = -'-(w^); proving the result. □ 

Definition 4.11. For a given class y of objects in T, we set := ([V^)^. 

Lemma 4.12. Let X be a class of objects inT- Then, the following statements 
hold. 

(a) // X'^ is closed under cocones then w~ C X'^ for any uj <Z X. 

(b) X^ is closed under cocones if and only if X^ = X^. 

(c) LfX^ ^ X~ then X^[-l] C X'^ . 

Proof, (a) Let uj Q X and assume that X'^ is closed under cocones. Hence 
uj^ C X^ and so by [ID (2), we conclude that oj~ QX^. 

(b) Assume that X'^ is closed under cocones. It is clear that X'^ C X"^ . 
On the other hand, by (a) it follows that A"^ C X^ . 

Suppose that X^ = X'^ . hct A ^ B ^ C ^ A[l] be a distinguished 
triangle in T with B,C in X^. Then A E X~ = X'^ and so A"^ is closed 
under cocones. 

(c) Let A"^ — A~ and consider X G X^ . Since, we have the distinguished 

triangle X[-l] ^ ^ X ^ X and 0, X G A^, it follows from (b) that 
X[— 1] G X^; proving the lemma. □ 
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Corollary 4.13. Let {X,io) be a pair of classes of objects in T. If X is 
cosuspended and uj C_ X, then w~ C X^ = X^ . 

Proof. It follows from 14.121 and the fact that A"^ is triangulated (see I2.5p . 
□ 

In case w is an A:'-injective weak-cogenerator in a cosuspended subcategory 
X of T, both closed under direct summands, the thick subcategory A']-{uj) of 
T can be characterized as follows. 

Theorem 4.14. Let {X,uj) be a pair of classes of objects in T, X be cosus- 
pended and u) be closed under direct summands in T- If ui is an X-injective 
weak-cogenerator in X, the following statements hold. 

(a) uj- ^{C eX"" : idx(C) < oo} = X"" n (^--^[-1])^. 

(b) a;~ is the smallest triangulated subcategory of X^ containing w, that 
is = Ax^ (w). 

(c) // X is closed under direct summands in T , then 

'Kr{uj) ^ ^'Kr{X) r){X^[-l]Y . 

Proof. Assume that w C A:" C ^[-1] * w and iAx{(^) = 0. Let y ■= {C & 
X^ : idA:'(C) < oo}. We start by proving that w~ C y. Bv l4.131 we know that 
w"" C X^. On the other hand, since idx{oj^) = (see I4.2f a)). we can apply 
the dual of I3.4r a'). and then idx{C) < coresdim^jA (C) < oo for any C S uj~; 
proving that a;~ C 3^. 

Let C e y. By (a), there is a distinguished triangle C 
C[l] in r with G and S X. Hence, from gj] (b) we get that 
\Ax{X'^) < oo and then, by|4?3]X'^ G C w^; proving that C G Hence 
3^ C In order to get the second equality in (a), we use 13.21 and the fact 
that X — xU to obtain 

{C G A^ : \Ax{C) < oo} = A-^ n (U„>o X^\-n - 1]). 

On the other hand, since 1] is suspended, then by the dual of 12.51 it 

follows that (^"^[-1])^ = U„>o A'^[-n - 1] and also that (^-^[-1])^ is a 
thick subcategory of T ■ In particular, by 12.51 we get (b). Finally, (c) follows 
from (a) and l2.51 □ 

Proposition 4.15. Let (X.,lS) be a pair of classes of objects in T, X co- 
suspended and uj closed under direct summands in T ■ If w is an X-injective 
weak-cogenerator in X, then 

(a) id^{C)^idx{C), MC^Lo-- 

(b) r\M^[-n-l]=uj^ r\X^[-n-l], Vn>0. 

Proof. (a) By 12.51 and 14.141 we know that X'^ and uj"" are triangulated 
subcategories of T- Furthermore, from 14.131 it follows that w"" C X^ . Let 
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C e It is enough to prove that idx{C) < idcj(C). In order to do that, we 
will use induction on 71 :— idtj(C). 

Since C G X^, we have from 14.41 the existence of a distinguished triangle 
(77) : C C[l] in T with € lo^ C and G X. 

We assert that e X Ci lu"^ . Indeed, using that uj"" is triangulated we 
conclude that X^ £ XHuj"^ and hence idx{X'^) is finite (see 14. 141 (a)). Thus 
e A" n bv l4.3( proving the assertion. 

Let n = 0. Then id^{X'^) = since id,^(y^) = (see|Uand|lI71). On the 
other hand, gives the equalities coresdim^(X'^) = iduj{X'~') = 0. Hence 
X^ ecu and since id<^(C) = 0, it follows that RomriX^ , C[l]) = 0. Therefore, 
the triangle (ry) splits giving us that C is a direct summand of Y'~'' , and hence 
idxiC) < idx{Y^) < id^(w^) = 0. 

Assume that n > 0. Since idxiY'^) = = id<^(r'^), it follows from|4J]that 
id^{X^) < n-1. Hence, by induction idx{X^) < id^{X'^) < n-1. Therefore, 
applying again l4Jl to the triangle (r/), we get that id;f(C) < n = \d^{C); 
proving the result. 

(b) Bv 13.21 the item (a) and the fact that xi^ = X the result follows. □ 
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AUSLANDER-BUCHWEITZ APPROXIMATION THEORY 
FOR TRIANGULATED CATEGORIES 



O. MENDOZA, E. C. SAENZ, V. SANTIAGO, M. J. SOUTO SALORIO. 



Abstract. We introduce and develop an analogous of the Auslander- 
Buchweitz approximation theory (see [2] ) in the context of triangulated 
categories, by using a version of relative homology in this setting. We 
also prove several results concerning relative homological algebra in a tri- 
angulated category T, which are based on the behaviour of certain sub- 
categories under finiteness of resolutions and vanishing of Horn-spaces. 
For example: we establish the existence of preenvelopes (and precov- 
ers) in certain triangulated subcategories of T. The results resemble 
various constructions and results of Auslander and Buchweitz, and are 
concentrated in exploring the structure of a triangulated category T 
equipped with a pair {X,uj), where X is closed under extensions and u) 
is a weak-cogenerator in X, usually under additional conditions. This 
reduces, among other things, to the existence of distinguished trian- 
gles enjoying special properties, and the behaviour of (suitably defined) 
(co)resolutions, projective or injective dimension of objects of T and the 
formation of orthogonal subcategories. Finally, some relationships with 
the Rouquier's dimension in triangulated categories is discussed. 



Introduction. 

The approximation theory has its origin with the concept of injective en- 
velopes and it has had a wide development in the context of module categories 
since the fifties. 

In independent papers, Auslander, Reiten and Smalo (for the category 
mod (A) of finitely generated modules over an artin algebra A) , and Enochs 
(for the category Mod [R] of modules over an arbitrary ring R) introduced a 
general approximation theory involving precovers and preenvelopes (see [3], 
[2 and [9]). 

Auslander and Buchweitz (see [2]) studied the ideas of injective envelopes 
and projective covers in terms of maximal Cohen-Macaulay approximations 
for certain modules. In their work, they also studied the relationship between 
the relative injective dimension and the coresolution dimension of a module. 
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They developed their theory in the context of abehan categories providing 
important apphcations in several settings. 

Based on [2], Hashimoto defined the so called "Auslander-Buchweitz con- 
text" for abelian categories, giving a new framework to homological approxi- 
mation theory (see [TO]). 

Recently, triangulated categories entered into the subject in a relevant way 
and several authors have studied the concept of approximation in both con- 
texts, abelian and triangulated categories (see, for example, [J [7], [5] and 

m)- 

In this paper, an analogous theory of approximations in the sense of Auslan- 
der and Buchweitz (see [2]), is developed for triangulated categories. Through- 
out this paper, T denotes an arbitrary triangulated category and X a class 
of objects in T- The main result (Theorem I4.4|) deals with a pair {X,uj) of 
classes of objects in T, where X is closed under extensions, and ui satisfies a 
weak cogenerating condition with respect to the objects of X. Like Auslander 
and Buchweitz, we consider the class X'^ of objects of T admitting a finite 
resolution by objects of X. We prove that any object of X^ admits two distin- 
guished triangles: one giving rise to a right A'-approximation, and the other 
to a left cj^-approximation. In the present paper, it is also introduced and 
discussed a notion of A'-resolution dimension, which is compared with other 
relative homological dimensions. 

The paper is organized as follows: In Section 1, we give some basic notions 
and properties of triangulated categories, that will be used in the rest of the 
work. 

In Section 2, we study the notion of A'-resolution dimension which allows 
us to characterize the triangulated subcategory A-y-{X) of T, generated by a 
cosuspended subcategory X of T (see Theorem 12. 5|) . 

In Section 3, the properties of the A'-projective (respectively, A'-injective) 
dimension and its relation to the A'-resolution (respectively, coresolution) di- 
mension are established. The main result of this section is Theorem 13.41 that 
relates different kinds of relative homological dimensions by using suitable 
subcategories of T- 

In Section 4, we focus our attention to the notions of /Y-injectives and 
weak-cogenerators in X. We relate these ideas to the concepts of injective and 
coresolution dimension. This leads us to characterize several triangulated 
subcategories; and moreover, in Theorem 14.41 we establish the existence of 
A'-precovers and w^-preenvelopes. Finally, in Theorem 14. 16[ for a given pair 
{X,uj) satisfying certain conditions, we give several characterizations of the 
triangulated subcategory Ax'-^iui) of X^ generated by w. 

We remark that the results we get will be applied in a forthcoming paper 
[15| , where a connection between Auslander-Buchweitz approximation theory 
in triangulated categories and co-t-structures (see [6] and [16j) is established. 
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Finally, some relationship with other notions, as torsion theories (see Corol- 
lary 2112]) in the sense of lyama-Yoshino and Rouquier's dimension [17], 
are discussed (see Section 5). 

1. Preliminaries 

Throughout this paper, T will be a triangulated category and [1] : T — >■ 
T its suspension functor. The term subcategory, in this paper, means a 
subcategory which is full, additive, and closed under isomorphisms. 

An important tool, which is a consequence of the octahedral axiom in T, 
is the so-called co-base change (see [12]). That is, for any diagram in T 

X > Y 



Z 

there exists a commutative and exact diagram in 7" 

W[-l] = W[~l] 

1 1 

U[-l] > X > Y > U 

II 1 1 II 

U\-l] > Z > E > U 



w = w 

where exact means that the rows and columns, in the preceding diagram, are 
distinguished triangles in T. The base change, which is the dual notion of 
co-base change, also holds (see [I^). 

Let X and y be classes of objects in T. We put := {Z G T : 
Homr(^, -)|a' = 0} and X^ := {Z T : Homr(-,^)|A' = 0}. We de- 
note hy X * y the class of objects Z e T for which exists a distinguished 
triangle X ^ Z ^Y ^ X[l] in T with X e A" and F e 3^. In case y = {F}, 
we write X *Y instead oi X *y. 

It is also well known that the operation * is associative (see [21 1.3.10]). Fur- 
thermore, it is said that X is closed under extensions if X * X C X. 

Recall that a class X of objects in T is said to be suspended (respec- 
tively, cosuspended) if X[l] C X (respectively, A[— 1] ^ X) and X is closed 
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under extensions. By the following lemma, it is easy to see, that a suspended 
(respectively, cosuspended) class X of objects in T, can be considered as a 
subcategory of T- 

Lemma 1.1. Let X be a class of objects in T. 

(a) If E X then y C X y and y C y X for any class y of objects in 

T. 

(b) // X is either suspended or cosuspended, then G A" and X = X * X . 

Proof, (a) If G A" then we get y X*yhy using the distinguished triangle 
— > y ^ y — > for any Y (^y. The other inclusion follows similarly. 

(b) Let X be cosuspended (the other case, is analogous). Then, it follows 
that Q € X since we have the distinguished triangle ^[—1] — s-O^X— 
for any X € X. Hence (b) follows from (a). □ 

Given a class X of objects in 7", it is said that X is closed under cones 
if for any distinguished triangle A — > B — C — > A[l\ in T with A,B & 
X we have that C € X. Similarly, X is closed under cocones if for any 
distinguished triangle A ^ B ^ C ^ A[l\ in T with B, C G A" we have that 
AdX. 

We denote by Ux (respectively, xl^) the smallest suspended (respectively, 
cosuspended) subcategory of T containing the class X. Note that if X is 
suspended (respectively, cosuspended) subcategory of T, then X = Ux (re- 
spectively, X = xU)- We also recall that a subcategory U of T, which is 
suspended and cosuspended, is called triangulated subcategory of T- A 
thick subcategory of T is a triangulated subcategory of T which is closed un- 
der direct summands in T- We also denote by A7-(A') (respectively, /S.T{Xy) 
to the smallest triangulated (respectively, smallest thick) subcategory of T 
containing the class X. Observe that /S.-f{X) C /S.-r{X). For the following 
definition, see [3], [7], [S] and 0. 

Definition 1.2. Let X andy be classes of objects in the triangulated category 
T . A morphism f : X C in T is said to be an A:'-precover of C if X ^ X 
and RomriX' , f) : Homr(X',X) ^Homr(X',C) is surjective, WX' G X. If 
any C Cz y admits an X-precover, then X is called a precovering class in y. 
By dualizing the definition above, we get the notion of an /Y-preenveloping 
of C and a preenveloping class in y. 

Finally, in order to deal with the (co)resolution, relative projective and 
relative injective dimensions, we consider the extended natural numbers N := 
N U {oo}. Here, we set the following rules: (a) x + oo = oo for any x G N, (b) 
X < oo for any a; G N and (c) min(0) := oo. 
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2. RESOLUTION AND CORESOLUTION DIMENSIONS 

Now, we define certain classes of objects in T which will lead us to the 
notions of resolution and coresolution dimensions. 

Definition 2.1. Let X he a class of objects in T- For any natural number 
we introduce inductively the class s'^{X) as follows: Eq (<-f) '■— X and assuming 
defined e'^_i{X), the class e!^^{X) is given by all the objects Z ^ T for which 
there exists a distinguished triangle in T 

Z[-l] > W > X > z 

with W e e,^_i(A:') and X ^X. 

Dually, we seteQ^X) := X and supposing defined e^_i(X), the class £n{X) 
is formed for all the objects Z £ T for which there exists a distinguished 
triangle in T 

Z > X > K > Z[l] 

with K e £n^i{X) and X e X. 

We have the following properties for (X) (and the similar ones for e]^ {X)). 

Proposition 2.2. Let T be a triangulated category, X be a class of objects 
in T, and n a natural number. Then, the following statements hold. 

(a) For any Z £ T and n > 0, we have that Z e ^ni^^) */ '^^'^ on/y if 
there is a family {Kj[—1] Kj+i ^ ^ ^j}j=Q distinguished 
triangles in T with Kq = Z, Xj G X and K.^ G X . 

(b) e'iliX) = *f^o X\i] := X * ^"[1] * • • • * X[n]. 

(c) IfOeX then X[n] C e,^(A') C e!^+^{X) and e,^(A')[l] C e'^+^iX) 
Vn G N. 

Proof. (a) If n = 1 then the equivalence follows from the definition of 
£i{X). Let n > 2 and suppose (by induction) that the equivalence is true 
for e^_i{X). By definition, Z G £^(<-f) if and only if there is a distinguished 
triangle in T 

Z[-l] > Ki > Xo > Z 

with Ki G e!^_i{X) and Xq G X. On the other hand, by induction, we have 
that Ki G e'^^_i{X) if and only if there is a family {i4rj[— 1] — >■ Kj+i — >■ Xj — >■ 
Kj}^^l of distinguished triangles in T with Xj G X and L<^n G proving 
(a). " 

(b) By definition, we have that e'^{X) — X * £!^_i{X)[l]. So, by induction, 
it follows that e,^(A') = A" * i*"^oX[i])[l] = X[i]. 

(c) Assume that G By (b), we know that e^(A') = e^^_i(A') * X[n]; 
and since G e'^_i{X), it follows from 11.11 (a) that X[n] C e!^{X). Similarly, 
from the equalities e^+ilA") ^ e^,{X) * X[n + 1] and e^+i(A) = X * e^,{X)[l], 
and the facts that G ^"[71, + 1] and G A", we get the other inclusions from 
0(a). □ 
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Following j2j and jTj , we introduce the notion of A'-resolution (respectively, 
coresolution) dimension of any class y of objects of T. 

Definition 2.3. Let X be a class of objects in T. 

(a) A'^ := U„>o e^HX) and X"" := U„>o el{X). 

(b) For any M £ T, the A" -resolution dimension of M is 

resdimA'(Af) := min{n G N : M e e^^{X)}. 
Dually, the A" -coresolution dimension of M is 

coresdini;t(A^) niin{n G N : Me e^(A')}. 

(c) For any subclass y of T , we set resdim;f(3^) '■— sup {resdimA"(M) : 
M G y}. Similarly, we also have coresdim;t' (3^) . 

Proposition 2.4. Let X and y be classes of objects in T, e y and n G N. 

Then, the following statements hold. 

(a) resdinij;(A') < n if and only if X C £^(3^) = *JLo3^W- 

(b) // X is closed under extensions, then X * X^ C X^ . 

(c) If X is cosuspended, then s^{X) — X[n]. 

Proof, (a) It follows by definition and l2.2l (b).fcV 

(b) It follows from[2j (b) since X*X CX. 

(c) Let X be cosuspended. since £ X (see[TTT](b)), we get from l2.2l fb). (c) 
that X[n] C e!^{X) ~ *"^q X[i]. On the other hand, using that X *X C X and 
X[-l] C X, we conclude that *,ILo'^W = i*i=o^[i - "DM C {*f^o^)M C 
X[n\. □ 

The following result will be useful in this paper. The item (a) already 
appeared in 0. We also recall that A-j-{X) (respectively, A-r{X)) stands 
for the smallest triangulated (respectively, smallest thick) subcategory of T 
containing the class of objects X. 

Theorem 2.5. For any cosuspended subcategory X of T and any object C G 
T, the following statements hold. 

(a) resdim^f (C) < n if and only if C e X[n\. 

(b) X^ ^Un>oX[n]^ AriX). _ 

(c) If X is closed under direct summands in T, then X^ = A-j-{X). 

Proof, (a) If follows fromHH (a), (c) since OeX (seeO (b)). 

(b) From [2^ (c), we get X^ — Un>Q X[n]; and hence X^ is closed under 
positive and negative shifts. We prove now that X^ is closed under extensions. 
Indeed, let X[n] Y ^ X'[m] — >■ X[7i][l] be a distinguished triangle in T 
with X, X' G X. We assume that n < m and then X[n] — X[n~m] [m] G X[m] 
since n — m < and 1] C X. Using now that X is closed under extensions, 
it follows that Y G X[m] C X^; proving that A''^ is closed under extensions. 
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Hence X'^ is a triangulated subcategory of T and moreover it is the smallest 
one containing X since = U„>o X[n]. 
(c) It follows from (b). □ 

Remark 2.6. (1) Observe that a suspended class U of T is closed under 
cones. Indeed, if A ^ B ^ C ^ A[l] is a distinguished triangle in T 
with A,BgU then A[1],B e U; and so we get C € U. Similarly, if U is 
cosuspended then it is closed under cocones. 

(2) Let {y, uj) he a pair of classes of objects in T with uj C y. If y is 
closed under cones (respectively, cocones) thento^ C y (respectively, ui^ Qy)- 
Indeed, assume that y is closed under cones and let M € co^. Thus M e 

for some n e N. If n = then M € uj C y. Let n > 0, and hence there is a 
distinguished triangle M[—l] K ^ Y ^ M in T with K G £^_^(a;) and 
Y &y. By induction -fsT e ^ and hence M & y since y is closed under cones; 
proving that oj^ C y. 

(3) Note that X^ C Ux (respectively, X^ C xU) since lAx (respectively, 
xU) is closed under cones (respectively, cocones) and contains X. 

Using the fact that the functor Horn is a cohomological one, we get the 
following description of the orthogonal categories. In particular, observe that 
xU^ (respectively, ^Ux) is a suspended (respectively, cosuspended) subcate- 
gory of T. 

Lemma 2.7. For any class X of objects in T, we have that 

(a) ^Ux ^{Z eT : Homr(^,X[i]) = 0, Vi > 0,VX e X}, 

(b) xU^ = {Z gT : B.omr{X\i], Z) = 0, Vi < 0, VX G X}. 

Proof. It is straightforward. □ 

Lemma 2.8. Let y and X he classes of objects in T, n > 1 and Z The 

following statements hold. 

(a) The object Z belongs to y * y[l] * • • • * y[n — 1] * X[n] if and only if 
there exists a family [K, Y, ^ K,+i ^ K,[l] : Y^ G y}^!^ of 
distinguished triangles in T with Kq G X and Z = K„. 

(b) The object Z belongs to X[—n] * y[—n +!]*•••* 1] *y if and only 
if there exists a family {K^+i ^ Y^ ^ Ki ^ : Yi G y}i=o 
of distinguished triangles in T with Kq G X and Z = Kn. 

Proof. (a) Wc proceed by induction on n. If n = 1 then (a) is trivial. 
Suppose that n > 2 and consider the class 

Z„_i y * y[l] *---*y[n^2]*X[n- 1]. 

It is clear that 3^*3^[1] *• • ■*y[n— 1] *X[n] = y * Zn-i[l]; and then, we have 
that Z e y * y[l] * • • • * y[n — 1] * X[n] if and only if there is a distinguished 
triangle 

K y Y > Z > K[l] 
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in T with Y Ey and K G Zn-i- On the other hand, by induction, we have 
that K G Zn-i if and only if there is a family {Ki — > li — > Ki+i — > Ki[l\ : 
Yi G y}^Zo of distinguished triangles in T with Kq G X and iiT = K^-i- 
So the result follows by adding the triangle above to the preceding family of 
triangles. 

(b) It is similar to (a). □ 

3. Relative homological dimensions 

In this section, we introduce the A'-projective (respectively, injective) di- 
mension of objects in T- Moreover, we establish a result that relates this 
relative projective dimension with the resolution dimension as can be seen in 
Theorem [Ql 

Definition 3.1. Let X he a class of objects in T and M an object in T. 

(a) The A'-projective dimension of M is 

pdx{M) := min{n G N : llomr{M[-i], -) \x= 0, \fi > n}. 

(b) The Af-injective dimension of M is 

idA'(Af) := min{n G N : Homr(-, M[i]) Ia'^ 0, \fi>n}. 

(c) For any class y of objects in 7", we set 

pd;,iy) := sup {pdAC) : Cey} and idx{y) := sup {idx{C) : Cey}. 

Lemma 3.2. Let X be a class of objects in T. Then, the following statements 
hold. 

(a) For any M G 7" and n G N, we have that 

(al) pdxiM) <n if and only if M G ^Ux[n + 1]; 
(a2) \dx{M) <n if and only if M G xl^^[-n - 1]. 

(b) pdy{X) — '\dx{y^ for any class y of objects in T. 

Proof, (a) follows from 12.71 and (b) is straightforward. □ 
Proposition 3.3. Let X be a class of objects in T and M G T. Then 
pd;^.(A/) = resdimij^^[]^](Af) and id;t'(Af) = coresdim^j^i[_]^](A/). 

Proof. Since ^Ux is cosuspended fsee 12.71 fa)), the first equality follows 
from 13.21 (al) and 12.51 (a). The second equality can be proven similarly. □ 

Now, we prove the following relationship between the relative projective 
dimension and the resolution dimension. 

Theorem 3.4. Let X and y be classes of objects in T. Then, the following 
statements hold. 

(a) pdx{L) < pdxiy) + resdimj;(i), VL G T. 
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(b) If y Q Ux n ^Ux [1] and y is closed under direct summands in T, 
then 

pdx{L) = resdimj; (L) , VL 6 ^ ^ . 

Proof. (a) Let d := resdimj;(L) and a := pdp^{y). We may assume that 
d and a are finite. We prove (a) by induction on d. U d = 0, it follows that 
L ^ y and then (a) holds in this case. 

Assume that d > 1. So we have a distinguished triangle K Y ^ L K[l] 
in T with Y ^ y and K € £^_i{y)- Applying the cohomological functor 
Hom7-(— , M[j]), with AI e X, to the above triangle, we get and exact sequence 
of abelian groups 

Homr(/^[l], Af[j]) ^ Homr(L, ^ RomriY, M[j]). 

By induction, wc know that pd^^i^) ^ ct + d~l. Therefore Hom7-(L, M[j]) = 
for j > a + d and so pd^(_L) < a + d. 

(b) Let y C Ux l^x[^] and y be closed under direct summands in T. 
Consider L G y^ and let d := resdim3;(L). Bv 13.21 we have that pd;^.(3^) = 
and then pd^iL) < d (see (a)). We prove, by induction on d, that the equality 
given in (b) holds. For d = it is clear. 
Suppose that d = 1. Then, there is a distinguished triangle 

ri: Yi^Yo^LAYi[l]mTwithYi€y. 

If pd;t-(L) = then L G ^Ux[l] (seeE^l). Hence / = since y <^Ux; and 
therefore ry splits giving us that L G y, which is a contradiction since d = 1. 
So pd (L) > proving (b) for d = 1. 

Assume now that d > 2. Thus we have a distinguished triangle K Y ^ 
L K[l] in r with Y ey, K G e^_j^{y) and pd^^K) = d - 1 (by inductive 
hypothesis). Since pd;^.(L) < d, it is enough to see pd_^.(L) > d — 1. So, in case 
pd;i^(L) < d — 1, we apply the cohomological functor Hom7-(— , X[d]), with 
X G X,to the triangle L ^ K[l] ^Y[l] ^ L[l]. Then we get the following 
exact sequence of abelian groups 

Homr(F[l],X[d]) ^ Iloinr{K[l],X[d]) UomriL, X[d]). 

Therefore }iomr{K[l], X[d]) = contradicting that pd^iK) = d - 1. This 

means that pd_:^-(L) > d — 1; proving (b). □ 

Remark 3.5. Note that ifY^O andY gUx^ ^Ux[l], then Y[j\ <^Ux^ 
Vj>0. 

The following technical result will be used in Section 4. 

Lemma 3.6. Let X , y and Z be classes of objects in T ■ Then, the following 
statements hold. 

(a) pdy{X'')^pdy{X). 
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(b) // A" C Z C X"" then ]idy{Z) = pd-^;(A'). 

Proof. To prove (a), it is enough to see that pdj; {X^) < pdy (X). Let M G 
X^ . We prove by induction on d :— coresdini;^ (Af) that pd^ (M) < pdy {X). 
We may assume that a :— pdy {X) < oo. If d = then we have that M e X 
and there is nothing to prove. 

Let d > 1. Then we have a distinguished triangle M ^ X ^ K ^ M[l] 
in T with X ^ X, K £ e^_-^{X) and pd-^ (K) < a (by inductive hypothesis). 
Applying the cohomological functor Hom7-(— , with F G 3^, we get the 

exact sequence of abelian groups 

ilomriX,Y[i]) Homr(Af,y[i]) ^ llomriK,Y[i + 1]). 

Therefore }iom-r{M,Y[i]) = for i > a since pdy (K) < a. So we get that 

Pdy (A-^) < pdy (X). 

Finally, it is easy to see that (b) is a consequence of (a). □ 

The following two lemmas resembles the so called "shifting argument" that 
is usually used for syzygies and cosyzygies in the Ext" functor. 

Lemma 3.7. Let X and y be classes of objects in T such that idx{y) — 0. 
Then, for any X e X, k > and Kn E y * y[l] * ■ ■ ■ * y[n - 1] * Ko[n], there 
is an isomorphism of abelian groups 

llomriX,Ko[k + n]) ~}iomriX,Kn[k]). 

Proof. Let X G A", fc > and if„ G 3^ * 3^[1] * • • • * ^^[ti - 1] * Ko[n]. By 
12.81 (a), we have distinguished triangles rji : Ki Yi ^ Ki+i — > Ki[l] with 
Yi & y, < i < n — 1. Applying the functor Homr(-'^[— fc], — ) to rji, we get 
the exact sequence of abelian groups 

{X[-klY,) iX[-k],K,+,) ^ iX[^kiK,[l]) ^ (Xhfc],K,[l]), 

where (— , — ) := Hom7-(— , — ) for simplicity. Since idx{y) — 0, it follows that 
iiom-j-{X[—k], ifi+i) — Hom7-(X[— /c], _ft'i[l]). Therefore, by the preceding iso- 
morphism, we have 

}ioinr{X,Kn[k]) ~ Homr(X,ii:„_i[A: + 1]) ~ ••• Iloinr{X, Ko[k + n]). □ 

Lemma 3.8. Let X and y be classes of objects in T such that pd;^^(3^) = 0. 
Then, for any X G X, k>0 and G Xo[-n] * y[-n + 1] * ■ • ■ * ^^[-l] * 3;, 
there is an isomorphism of abelian groups 

Homr(A'o, X[/c + ra]) ~ YLoiiiT{Kn,X[k]). 

Proof. The proof is similar to the one given in 13.71 bv using [52] (b). □ 



AUSLANDER-BUCHWEITZ APPROXIMATION THEORY 



11 



4. RELATIVE WEAK-COGENERATORS AND RELATIVE INJECTIVES 

In this section, we focus our attention on pairs {X,uj) of classes of objects 
in T. We study the relationship between weak-cogenerators in X and cores- 
olutions. Also, we give a characterization of some special subcategories of 

r. 

Definition 4.1. Let {X,uj) be a pair of classes of objects in T. We say that 

(a) Lo is a weak-cogenerator in if X Q X[-~l\ * uj\ 

(b) u! is a weak-generator in X, if uj C X uj * X[l]; 

(c) u! is A'-injective if idxic^j) — 0; and dually, uj is Af-projective if 

The following result say us that an A'-injective weak-cogenerator, closed 
under direct summands, is unique (in case it exists). 

Proposition 4.2. Let (X^uj) be a pair of classes of objects in T such that lo 
is X-injective. Then, the following statements hold. 

(a) is X-injective. 

(b) If LO is a weak-cogenerator in X, and lo is closed under direct sum- 
mands in T, then 

u ^ X xU^[-l] =Xr\uo^. 

Proof, (a) It follows from the dual result of 13.61 (a). 

(b) Let LO Q X (~ X[—l] * LO and lo be closed under direct summands in 7". 

We start by proving the first equality. Let X ^ X f^ xU^[—'^]- Since 
X C 1] * w, there is a distinguished triangle 

77: X ^X' A X[l] in T with X' e X &tlAW £ lo. 

Moreover X e xU^[-l] implies that Homr(-, ^[1])^ = (see (b)). 
Hence ry splits and so X e a;; proving that X n xl^'^[~^] ^ lo. The other 
inclusion follows from 13.21 (a2) since w C A" and iAx{'^) = 0. 
On the other hand, it is easy to see that w C A" n and since idx{Lo^) = 0, 
it follows from[32](a2) that A n CXn xK^hM; proving (b). □ 

Proposition 4.3. Let (X.lo) he a pair of classes of objects in 7", and lo he 

closed under direct summands in T. If lo is an X-injective weak-cogenerator 
in X , then 

A n = {X e A- : i&x{X) < 00}. 

Proof. Let M e X n lo'-' . We assert that idx{M) < d < 00 where d := 
coresdimi^(Af). Indeed, from 12.21 (a), dual version, and 12.81 (a), there is some 
Wd e a;*aj[l]*- • •*a;[(i— l]*Af [d] with Wd G lo. So, bv l3.7l we get an isomorphism 
Hom7-(-'^, M[k + d]) ~ llomr{X, Wd[k]) for any fc > and X e A; and using 
that idx{Lo) = 0, it follows that Hom7-(X, M[k + d]) = for any fc > 0, proving 
that idA'(M) < d. 
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Let N £ X he such that n := idx{N) < oo. Usmg that X C 1] * cj, we 
can construct a family {Ki — > W^i i^i+i Ki[l] : Wi £ ut, < i < n — 1} 
of distinguished triangles in T where Kq := N and Ki £ X , \/i < i < n. 
Thus, by 12.81 (a), it follows that Kn £ uj * Ld[l] * ■ ■ ■ * uj[n — 1] * N[n]; and so by 
l3Jlwe get that HoniT(X, Kn[k]) ~ Honir(X, N[k + n]), MX G A", Vfc > 0. But 
Homr(X,7V[fc + n]) = 0, VX G A", Vfc > because \-Ax{N) = n. Therefore 
\dx{Kn) = and then £ w (see |321 and 1121 (b)); proving that N £ X^uj''^. 
□ 

Now, we are in condition to prove the following result. In the statement, 
we use the notions of precovcring and preenveloping classes (see Section 1). 

Theorem 4.4. Let {X , uj) he a pair of classes of objects in 7", X be closed 
under extensions and lu be a weak-cogenerator in X. Then, the following state- 
ments hold. 

(a) For all C G X'^ there exist two distinguished triangles in T : 

C[-l] > Yc > Xc > C with Yc G cj^ and Xc G X, 

C '^^ > > > C[l] with Y^ G and X^ G X. 

(b) // u is X-injective, then 

(bl) yc[l] G oi^d (fc is an X-precover ofC, 

(b2) 1] G -^{u!^) and ^fP is a uj'^ -preenvelope of C. 

Proof. (a) Let C G X^. We prove the existence of the triangles in (a) by 
induction on n resdim;t'(C). If n = 0, we have that C € X and then we 

can consider C[— 1] — s^O^C ^^Cas the first triangle; the second one can 
be obtained from the fact that X C 1] * lu. 

Assume that n > 0. Then, we have a distinguished triangle C[— 1] Ki 
Xq — > C in 7" with Xq G X and resdim;^ (i^i) = n — 1. Hence, by induction, 
there is a distinguished triangle Ki — > Y^^ — >■ X^^ — > Ki[l] in T with 
G uj^ and X^^ G X. By the co-base change procedure applied to the 
above triangles, there exists a commutative diagram 



C[-l] > Ki > Xo > C 



c[-i] > > u > c 

1 1 

XK, x^^ 
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where the rows and columns are distinguished triangles in T. Since Xq, X^^ G 
X it follows that [/ e A". By taking Xc := V and Yc Y^^, we get the 
first triangle in (a). On the other hand, since U £ X and X C 1] * 
there exists a distinguished triangle 1] — )■ J7 — > — ^ X'-' in T with 

X'-' G X and W G lu. Again, by the co-base change procedure, there exists a 
commutative diagram 



X'^[-l] > u > w > x^ 



X(^[-l\ > C > > X^ 



[f ] = Y^' [I] 



where the rows and columns are distinguished triangles in T. By the second 
column, in the diagram above, it follows that Y*^ € ui^. Hence the second row 
in the preceding diagram is the desired triangle. 

(b2) Consider the triangle 4 C ^ -> X^ with £ lo^ 

and X^ € X. Since idA'(a;) = we have by g^l that \Ax{uj'^) = 0. Thus 
Homr(X[-l],-)UA = for any X e X- and so X'^[-l] e ^(w^). Let / : 
C ^ F be a morphism in T with Y e . Since Hom7-(X'^[-l], F) = 0, 
we have that fg = and hence / factors through (p'-^; proving that f'^' is a 
w^-preenvelope of C. 

(bl) It is similar to the proof of (b2). □ 

The following result provides a characterization of the category X^, and 
will be applied in [15J to deal with co-t-structures. 

Corollary 4.5. Let {X,u;) be a pair of classes of objects in T such that X is 
closed under extensions anduj is a weak-cogenerator in X. Then, the following 
statements hold. 

(a) IfOeu} then X^ ^ X * u}^ ^ X *u}^[l]. 

(b) If X[-l] C X then A"^ = <Y * = <Y = X[-l] *a;^. 

Proof. We assert that X * C X^. Indeed, since lu C X it follows from 
0(b) that e^iuj) C s^{X), giving us that lu'' CX^. Hence A"* cj'' CX*X^ 
and then X *uj^ CX^ by HH (b). 
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(a) Let e uj. By [44] (a) we have that C X ^ ^^^[1], and therefore, by 
[221(d) we get X"" C A" * cj^ [1] C A" * w^. But A" * C A" * C A^ by [231 
(b), and then A^ = A * = A'*a;^[l]. 

(b) Let A'[— 1] C X. By 14.41 (a) and the assertion above, we have X^ C 
X[-l] * C A * C A^. On the other hand, from lilil fal . it folfows that 
X^ C X*uj^[l]. So, to prove (b), it is enough to see that X*uj^[l] C X^. Let 
C e X * Lu^[l]. Then there is a distinguished triangle F — 5- X C — !• Y[l] in 
r with X e A and r e w^. Hence it foUows that C e X^ since C A^^; 
proving (b). □ 

We are now in position to prove that if uj is an A'-injective weak-cogenerator 
in a suitable class X, then the w'^-projective dimension coincides with the X- 
resolution dimension for every object of the thick subcategory of T generated 
by A. 

Theorem 4.6. Let (A, uj) be a pair of classes of objects in T which are closed 
under direct summands in T- If X is closed under extensions and ui is an X- 
injective weak-cogenerator in A, then 

pd„4C) - pd„(C) = resdim;t(C), VC e A'^ 

Proof. Let C G A^. By^{h) and the dual of [3l] (a), it follows that 
pd^(C) = id{c}(w) — id{c}('^'^) = pd^A(C). To prove the last equality, we 
proceed by induction on n := resdim^f (C). To start with, we have pdj^(A) = 
idx{uj) = 0. If n = then C E X and so pd^{C) = = resdimA'(C). 

Let n = 1. Then, we have a distinguished triangle Xi Xq — > C — ^ Xi [1] 
in T with Xi G X. Bv 14.41 (a), there is a distinguished triangle Yc Xc ^ 
C — > Yc[l] in T with Yc G uj^ and Xc G X. By the base change procedure, 
there exists a commutative diagram 

Yc 

I 

Xi > E 



Xi > Xo 

I 

Yc[l] 

where the rows and columns are distinguished triangles in T- Since Xi , Xc G 
A it follows that _E G A. On the other hand, since Hom7-(X, Y[l]) — for any 
X E X and Y E uj^ (see 14.21 (a)), we get that /3a = and then the triangle 



Yc 



-> Xc 

-> C 
P 

= YcW 



^ ^i[l] 



^i[l] 
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Yc ^ E ^ Xq ^ Yc[l] splits getting us that Yc e A" n = w (see 112]). 
Using that ^d^{X) = and l3.4l (a), we have that \)d^^{C) < resdimA'(C) = 1. 
We assert that pd^(C) > 0. Indeed, suppose that pd„(C) = 0; and then 
Honir(C, W[l]) = for any W e u}. Since Yc S w we get that /? = and 
hence the triangle Yc — > Xc C ^ ^c[l] splits. Therefore G ^ X contra- 
dicting that resdini;^' (C) = 1; proving that pd^(C) = 1 = resdim;t'(C). 

Let n > 2. From [33] (a), we have that pd^(C) < msdixnxiC) — n since 
pd^(A') = 0. Then, it is enough to prove that Hoin7-(C[— n], — )|^ ^ 0. Con- 
sider a distinguished triangle Ki — > Xo C ^ in T with Xq G X and 
resdini;f (ifi) — n — 1 — pd^(ifi). Applying the functor Honi7-(— , VF[n]), with 
W u, to the triangle C — > — > Xo[l] C[l] we get the exact sequence 
of abelian groups 

Homr(Xo[l], -> }iomr{Ki[l],W[n]) Homr(C, 

Suppose that Hom-riC[-n], = 0. Then Hom7-(i^i[l], W^M) = since 
idx{oj) = and n> 2; contradicting that pd^(i<'i) = n — 1. □ 

Lemma 4.7. Let X be a class of objects in T and A ^ i? — > C — > A[l] a 
distinguished triangle in T- Then 

(a) idx{B) <max{idx{A),idx{C)}; 

(b) idx{A) < max{idx{B),idxiC) + 1}; 

(c) id^(C) < niax{id;t(S),id;,(A) - 1}. 

Proof. It is straightforward. □ 

The following result gives a relationship between the relative injective di- 
mensions, attached to the pair {X, w), and the cj-coresolution dimension. Such 
a result will be applied in [TF to deal with co-t-structures. Observe that 14.81 
is not the dual version of 14.61 

Proposition 4.8. Let {X,uj) be a pair of classes of objects in T such that 
w C xU- If ^ is closed under direct summands and X -injective, then 

id^ (C) = idA' (C) = coresdim^ (C) , \/ C xU r\ uj"^ . 

Proof. Assume that uj is closed under direct summands and idx{^) — 0. 
Let C G xU n oj^ and n coresdim^(C). By the dual of 13.41 (b), it follows 

(*) a :— idcj(C) < idx{C) = coresdim^(C) = n. 

Moreover, since C G o;^ there is a distinguished triangle [rj) : C — J> — >■ 
Ki — >■ C[l] in 7" with Wq G lo and coresdimi^(ii'i) = n—1. Furthermore, from 
12.21 (a) we get that Ki e xU since xU is closed under cocones and lo C xU- 
Now, we prove the result by induction on a. 

Let a = 0. We assert that C G a; (note that if this is true, then the 
result follows). We proceed by induction on n. If n = it is clear that 
C G w. So we may assume that n > 0, and then, applying 14.71 to (jf) it 
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follows that idaj(i^i) = 0. Hence by induction we get that Ki E cj, and so 
Honi7-(ifi, C[l]) = since iduj(C) = 0. Therefore the triangle (77) splits and 
then C G w; proving the assertion. 

Assume that a > 0. Applying l4.7l to (77), we get that idi^{Ki) < a— 1. Thus, 
by induction, it follows that idi^{Ki) — id;t'(^i) = coresdimtj(_R'i) = n — 1. In 
particular, we obtain that ri — 1 < a — 1 and hence by (*) the result follows. 
□ 

The following result provides a characterization of in terms of X. From 
this, we get some nice relationship between other subcategories. 

Proposition 4.9. Let {X,io) be a pair of classes of objects in T such that uj 
is closed under direct summands in 7", X is closed under extensions and lj is 
an X -injective weak-cogenerator in X . Then, the following statements hold. 

(a) xU^[-l]r\X'^ ^ w^. 

(b) If X[-l] C X thenUuj = uj"" = n <Y^. 

Proof, (a) Let C e 1] H X^ . In particular, from 14.41 fa), there exists 

a distinguished triangle Yc Xc — > C — > Yc[l] in T with Yc G (jJ^ and 
Xc € X. We assert that \dx{Xc) — 0. Indeed, it follows from 14.71 (a) since 
id;t.(C) = = idx{Yc) (see[ni2]and|U(a)). Therefore, Xc & X f^ xU^[-A 
and bv l4.2l (b), we get that Xc G w proving that C E uj^ . On the other hand, 
since idxi'jj'^) = 0, we have from [X^ that uj^ C xU^l-^ n X'^. 

(b) Assume that 1] C X. Hence, by 11.11 (b), we have that A" is a 
cosuspended subcategory of 7". Therefore, from (a), it follows that = 
IJnA'^. Furthermore, since 1] is suspended and X'^ is triangulated 

fsee l2.5p . we conclude that 00^ is a suspended subcategory of T; and so U^i C 
cj^. Finally, the equality = lj^ follows from 12.61 (3). □ 

Theorem 4.10. Let {X,uj) be a pair of classes of objects in T which are 
closed under direct summands, X be cosuspended and lo be an X -injective 
weak-cogenerator in X . Then, 

£,'^(A') = X[n] = X'^f] ^U^[n + 1] = A:"^ n ^{uj'')[n + 1], "in > 0. 

Proof. From [131 we have that e^{X) = X[n\ and X^ = U„>o X[n]. On the 
other hand, by 13.21 and 14.61 it follows that 

X"" n ^Uu,^ [n + 1] = A-^ n ^U^[n +1]^ X[n] n A^ = X[n]. 

Finally, since lu^ is a suspended subcategory of T (see 14.91 (b) ). we have that 
-^U^/^ = -^{uj^); proving the result. □ 

The previous results can be seen under the light of the so called torsion 
theories, in the sense of lyama-Yoshino. Such torsion theories have been 
extensively studied in relation to the cluster theory (see [TT]). 
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Definition 4.11. 11, Definition 2.2] A pair {X,y) of subcategories of T is 
called a torsion theory in T, if the following conditions hold. 

(a) X and y are closed under direct summands in 7". 

(b) Honir(A',3;) =0. 

(c) T^x*y. 

Corollary 4.12. Let {X,uj) he a pair of classes of objects in T, which are 
closed under direct summands in T, and such that X is cosuspended and oj is 
an X-injective weak-cogenerator in X. Then, the pair {X,uj'^[l\) is a torsion 
theory in the thick triangulated subcategory X'^ of T. 

Proof. Since X is cosuspended and closed under direct summands, we 
know from 12.51 (c) that X'^ is a thick triangulated subcategory of T. On 
the other hand, from 14.51 it follows that = * w^[l]; and furthermore, 
Hom7-(A', o;^ [1]) = since uj is A'-injective. On the other hand, by 14. 9[ we 
get that Lo^ is a subcategory closed under direct summands in 7". □ 

Definition 4.13. For a given class y of objects in T, we set y (y^)^. 

Lemma 4.14. Let X be a class of objects in T. Then, the following statements 
hold. 

(a) // X^ is closed under cocones then uj"^ C X'^ for any uj C X. 

(b) X^ is closed under cocones if and only if X^ = X^ . 

(c) IfX"" = X^ then X'^i-l] C A"^. 

Proof, (a) Let uj C X and assume that X^ is closed under cocones. Hence 
Lu^ C X^ and so by[2l](2), we conclude that uj~ C X^. 

(b) Assume that X^ is closed under cocones. It is clear that X^ C X"". 
On the other hand, by (a) it follows that X~ C A"^. 

Suppose that X^ ^ X~ . Let A B ^ C ^ A[l] be a distinguished 
triangle in T with B,C in X^. Then A e X^ ^ X'^ and so X'^ is closed 
under cocones. 

(c) Let X^ = X"" and consider X e X^. Since, we have the distinguished 

triangle X[-l\ ^ ^ X ^ X and 0, X e A'^, it follows from (b) that 
X[— 1] G X'^\ proving the lemma. □ 

Corollary 4.15. Let {X,uj) be a pair of classes of objects in T. If X is 
cosuspended and uj C_ X, then w~ C X^ = X^ . 

Proof. It follows from 14.141 and the fact that X^ is triangulated (see [23]). 
□ 

In case uj is an A:'-injective weak-cogenerator in a cosuspended subcategory 
X of T, both closed under direct summands, the thick subcategory A't-{uj) of 
T can be characterized as follows. 
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Theorem 4.16. Let {X,uj) be a pair of classes of objects in T, X be cosus- 
pended and lo be closed under direct summands in T. If is an X-injective 
weak- cog enerator in X , the following statements hold. 

(a) w"^ = {C e : idx{C) < 00} = A^^ n (^"-^[-1])^. 

(b) a;~ is the smallest triangulated subcategory of X^ containing w, that 
is w~ = (uj). 

(c) // X is closed under direct summands in T, then 

Ariuj) ^ = AriX) n (X^i-l])'' . 

Proof. Assume that io C X C X[-l] * uj and idxiio) = 0. Let y {C G 
X^ : idx{C) < 00}. We start by proving that w~ C y. Bv l4.15[ we know that 
a;~ C X^. On the other hand, since id;f(a;^) = (see I4.2f a)). we can apply 
the dual of I3.4f a'). and then id;v;-(C) < coresdim^A (C) < 00 for any C G aj~; 
proving that a;~ C y. 

Let C e y. By |4]4] (a), there is a distinguished triangle C 
C[l] in T with G and X'^ G X. Hence, from |4J] (c) we get that 
iAx{X^) < 00 and then, by|43]X<^ G C w""; proving that C G a;~. Hence 
3^ C a;~. In order to get the second equality in (a), we use 13.21 and the fact 
that X — xU to obtain 

{C G A"^ : \dx(C) < 00} = A"^ n (U„>o X^\-n - 1]). 

On the other hand, since 1] is suspended, then by the dual of 12.51 it 

follows that (^"-^[-1])^ = U„>oAf^[-n - 1] and also that (^"-^[-1])^ is a 
thick subcategory of T ■ In particular, bv l2.5[ we get (b). Finally, (c) follows 
from (a) and l2.5l □ 

The following result will be applied in [T5] to deal with co-i-structures. 
Also, it will be applied in Section 5, to get some connection with relative 
Rouquier's dimension. 

Proposition 4.17. Let (X^ui) be a pair of classes of objects in 7", X co- 
suspended and Lu closed under direct summands in T. If uj is an X-injective 
weak-cogenerator in X, then 

(a) id„(C) = idx{C) < 00, VC G 

(b) UJ~ n^U-^[-n~l]=uj- nX^[-n-l], Vn>0. 

Proof. (a) By 12.51 and 14.161 we know that X^ and a;~ are triangulated 
subcategories of T. Furthermore, from 14.151 it follows that a;~ C X^ . Let 
C G uj^ ■ It is enough to prove that idx{C) < id^(C). In order to do that, we 
will use induction on n :— id(^(C). 

Since C G X^, we have from 14.41 the existence of a distinguished triangle 
(77) : C X^ ^ C[l] in T with G C a;~ and X^ G X. 

We assert that X'^ G X H iv^ . Indeed, using that w"' is triangulated we 
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conclude that X'~^ e ATicj'" and hence \Ax{X^) is finite (see 14.161 (a) V Thus 
X'-' e A" n bv l4.3( proving the assertion. 

Let n = 0. Then iA^{X^) = since id„(y^) = (see[Uand|lI71). On the 
other hand. 14751 gives the equahties coresdini^(X'^) = \d^{X'~^) = 0. Hence 
X^ e w and since idcj(C) = 0, it fohows that HonirC-'^'^, C[l]) = 0. Therefore, 
the triangle (77) splits giving us that C is a direct sumniand of 1"*^, and hence 
id;t(C)<idA-(r^)<id;,K) = 0. 

Assume that n > 0. Since idxiy-^) = = id^(y^), it follows from that 
id^(JSi:"^) < n-1. Hence, by induction \Ax{X^) < id(^(X"^) < Therefore, 
applying again l4Jl to the triangle (77), we get that \dx{C) < n = id[^(C); 
proving the result. 

(b) By [321 the item (a) and the fact that xU = X the result follows. □ 

5. Some connection with Rouquier's dimension 

In this section, we introduce some kind of "relative Rouquier's dimension" ; 
and relate it with the Rouquier's dimension and the other relative dimensions 
developed in this paper. 

Let X and y be classes of objects in a triangulated category T- Consider the 
smallest subcategory {X) of T containing X^ closed under shifts, finite direct 
sums and direct summands, that is, {X) := a.dd{Ui^z Let X(}y := 

{X *y) . Following R. Rouquier, we inductively define (A')g := and {X)^^ := 
{X)^_^ ^ {X) for n > 1. The objects of {X)^^ are the direct summands of the 
objects obtained by taking a n-fold extension of finite direct sums of shifts of 
objects of X. 

The following dimension for triangulated categories was introduced by R. 
Rouquier and has been extensively studied in [171 . 

Definition 5.1. [171 Definition 3.2] Let T be a triangulated category. The 
dimension of T is 

dim (T) := min{rt G N | there exists X £ T such that (X)^^-^ = T}. 

Lemma 5.2. Let X be a class of objects in a triangulated category T. Then, 
for any n G N, the following statements hold. 

(a) {X)^^,^ {s':^{{X))) = {sl{{X))) . 

(b) {X)^<^{X)^^,. 

Proof, (a) By induction over n, it can be seen that {X)^_^^^ = {*7=i ('^)) • 
On the other hand, from [221 (b), we have e^,{{X)) = {X) [i] = {X) 
since {X) [i] — {X) for any i ^Ij; proving that {X)^j_-^ = {e^{{X))) . Similarly, 
by the dual of[2j(b), it follows that {X)^^^ = (e^((A'))) . 
(b) It follows from (a) and [221(c), since G (A") . □ 

In what follows, we introduce the relative Rouquier's dimension as follows. 
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Definition 5.3. Let T he a triangulated category, X a class of objects in T 
and M G T- The X -dimension of M is 

dim;f (^^) := niin{n G N such that M G 

For a class y of objects in T, we set dini;\;'(3^) := sup {dini;f(y) : G y}. 

Lemma 5.4. Let T be a triangulated category, and X, y be classes of objects 
in T . Then, the following statements hold. 

(a) For any n G N, d\mx{y) <n if and only if y ('^)n+i • 

(b) If X <zy then d\my{M) < dimx(M) V M G T. 

Proof. (a) Let dimx{y) < n. Hence, for all Y ^ y, we have m{Y) := 
diuixiY) < n. Therefore, from O (b) , it follows that Y G {X)m{Y)+i ^ 
('^)„+i ; proving that y C {X)^_^^ . Finally, assume that y C (X)^^-^ . So, it 
follows directly that dim;f (y) < n 

(b) het X (Z y and M G T. Thus {X) C {y) and hence {X) C 
*?=! {y) C (3^)) = {y)^^ . Therefore {X)^^ C {y)^ and so we get that 

dim3;(M) < dimxiyM). □ 

Now, the relative Rouquier's dimension is related to the Rouquier's dimen- 
sion as follows. 

Proposition 5.5. Let T be a triangulated category. Then, 

dim (r) = min {dimj^ (T) : V X G T}. 

Proof. From 15.41 (a) , we can write down the following equalities 

dim (T) = min{n G N | there exists X eT such that {X)^j^^ — T} 
= min{n G N | there exists X G T such that dimx(T) < n} 
= min{dimx(r) VXgT}. □ 

The following are some relationships between relative Rouquier's dimen- 
sion and the other relative dimensions as coresolution, resolution, relative 
projective and relative injective. 

Proposition 5.6. Let T be a triangulated category, X a class of objects in 
T and M G T ■ Then, we have that 

dim;f(M) < max {resdim^;^^^ (M), coresdim(;(;'^ (Af )}. 

Proof. From 15.21 (a), we have the inclusions C {X)^j^^ and 

C (A:')„_^i . Hence the result follows. □ 

Proposition 5.7. Let [X,uj) be a pair of classes of objects in T which are 
closed under direct summands in T . If X is closed under extensions and lo is 
an X -injective weak-cogenerator in X, then 

dim;t(C) < pd„(C) < cx), V C G A"'. 
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Proof. It follows from [52] and HSl since A" C (A") . □ 

Proposition 5.8. Let {X,uj) be a pair of classes of objects in T which are 
closed under direct summands in T. If X is cosuspended and uj is an X- 
injective weak-cogenerator in X, then 

dini..(C) <idA'(C) =id^(C) <oo, VCecj^. 

Proof. By 14.171 we know that idcj(C) — idx{C) < oo for any C £ oj'^. 
On the other hand, from 14.21 (b), it follows that w = xl^ D since 
X — xl^- In particular, the dual of 13.41 (b) holds (take y := ui) and hence 
idx{C) = coresdim^(C) for any C G w^. Observe that o;^ C aj~ since w'^ 
is the smallest triangulated subcategory of T containing uj (see 14.161 (b)). 
Therefore idi^(C) = id;f(C) < oo for any C £ o;^. Finally, from 15.61 we get 
that dimtj(C) < coresdim;^(C) since lu C (o;) , proving the result. □ 

In what follows, T is assumed to be a fc-linear, Hom-finite triangulated 
and KruU-Schmidt category over a fixed field fc; and C is a KruU-Schmidt 
subcategory of T which is closed under direct summands in T. It is said that 
C is n-cluster tilting (see [T31) if it is functorially finite and C = C^l^i C[—i]'^ = 

The following is an example of a triangulated category T having finite 
C-dimension. 

Proposition 5.9. Let C be a n-cluster tilting subcategory ofT- Then, 

dimc(T) < resdimc(T) < n — 1. 

Proof. From [TTJ Theorem 3.1], we know that T = C[i]. Therefore, by 
12.21 (b), we conclude that resdimc(T) < n — 1. Finally, by 15.61 it follows that 
dimc(T) < resdimc(T) since C C (C) ; proving the result. □ 

Acknovirledgement The authors are very grateful to the referee for the 
comments, corrections and suggestions. 
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AUSLANDER-BUCHWEITZ APPROXIMATION THEORY 
FOR TRIANGULATED CATEGORIES 



O. MENDOZA, E. C. SAENZ, V. SANTIAGO, M. J. SOUTO SALORIO. 



Abstract. We introduce and develop an analogous of the Auslander- 
Buchweitz approximation theory (see [2] ) in the context of triangulated 
categories, by using a version of relative homology in this setting. We 
also prove several results concerning relative homological algebra in a 
triangulated category 7", which are based on the behavior of certain sub- 
categories under finiteness of resolutions and vanishing of Horn-spaces. 
For example: we establish the existence of preenvelopes (and precov- 
ers) in certain triangulated subcategories of T. The results resemble 
various constructions and results of Auslander and Buchweitz, and are 
concentrated in exploring the structure of a triangulated category T 
equipped with a pair {X,u)), where X is closed under extensions and u) 
is a weak-cogenerator in X, usually under additional conditions. This 
reduces, among other things, to the existence of distinguished trian- 
gles enjoying special properties, and the behavior of (suitably defined) 
(co)resolutions, projective or injective dimension of objects of T and the 
formation of orthogonal subcategories. Finally, some relationships with 
the Rouquier's dimension in triangulated categories is discussed. 



1. Introduction. 

The approximation theory has its origin with the concept of injective en- 
velopes and it has had a wide development in the context of module categories 
since the fifties. 

In independent papers, Auslander, Reiten and Smalo (for the category 
mod (A) of finitely generated modules over an artin algebra A) , and Enochs 
(for the category Mod [R] of modules over an arbitrary ring R) introduced a 
general approximation theory involving precovers and preenvelopes (see [3], 
[2 and [9]). 

Auslander and Buchweitz (see [2]) studied the ideas of injective envelopes 
and projective covers in terms of maximal Cohen-Macaulay approximations 
for certain modules. In their work, they also studied the relationship between 
the relative injective dimension and the coresolution dimension of a module. 
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They developed their theory in the context of abehan categories providing 
important apphcations in several settings. 

Based on [2], Hashimoto defined the so called "Auslander-Buchweitz con- 
text" for abelian categories, giving a new framework to homological approxi- 
mation theory (see [TO]). 

Recently, triangulated categories entered into the subject in a relevant way 
and several authors have studied the concept of approximation in both con- 
texts, abelian and triangulated categories (see, for example, [J [7], [5] and 

m)- 

In this paper, an analogous theory of approximations in the sense of Auslan- 
der and Buchweitz (see [2]), is developed for triangulated categories. Through- 
out this paper, T denotes an arbitrary triangulated category and X a class 
of objects in T- The main result (Theorem 15 .41) deals with a pair {X,uj) of 
classes of objects in T, where X is closed under extensions, and ui satisfies a 
weak cogenerating condition with respect to the objects of X. Like Auslander 
and Buchweitz, we consider the class X'^ of objects of T admitting a finite 
resolution by objects of X. We prove that any object of X^ admits two distin- 
guished triangles: one giving rise to a right A'-approximation, and the other 
to a left cj^-approximation. In the present paper, it is also introduced and 
discussed a notion of A'-resolution dimension, which is compared with other 
relative homological dimensions. 

The paper is organized as follows: In Section 1, we give some basic notions 
and properties of triangulated categories, that will be used in the rest of the 
work. 

In Section 2, we study the notion of A'-resolution dimension which allows 
us to characterize the triangulated subcategory A-y-{X) of T, generated by a 
cosuspended subcategory X of T (see Theorem 13. 5|) . 

In Section 3, the properties of the A'-projective (respectively, A'-injective) 
dimension and its relation to the A'-resolution (respectively, coresolution) di- 
mension are established. The main result of this section is Theorem 14.41 that 
relates different kinds of relative homological dimensions by using suitable 
subcategories of T- 

In Section 4, we focus our attention to the notions of /Y-injectives and 
weak-cogenerators in X. We relate these ideas to the concepts of injective and 
coresolution dimension. This leads us to characterize several triangulated 
subcategories; and moreover, in Theorem 15.41 we establish the existence of 
A'-precovers and w^-preenvelopes. Finally, in Theorem 15. 16[ for a given pair 
{X,uj) satisfying certain conditions, we give several characterizations of the 
triangulated subcategory Ax'-^iui) of X^ generated by w. 

We remark that the results we get will be applied in a forthcoming paper 
[15| , where a connection between Auslander-Buchweitz approximation theory 
in triangulated categories and co-t-structures (see [6] and [16j) is established. 
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Finally, some relationship with other notions, as torsion theories (see Corol- 
lary [5lT2]) in the sense of lyama-Yoshino and Rouquier's dimension [17], 
are discussed (see Section 5). 

2. Preliminaries 

Throughout this paper, T will be a triangulated category and [1] : T — >■ 
T its suspension functor. The term subcategory, in this paper, means a 
subcategory which is full, additive, and closed under isomorphisms. 

An important tool, which is a consequence of the octahedral axiom in T, 
is the so-called co-base change (see [12]). That is, for any diagram in T 

X > Y 



Z 

there exists a commutative and exact diagram in 7" 

W[-l] = W[~l] 

1 1 

U[-l] > X > Y > U 

II 1 1 II 

U\-l] > Z > E > U 



w = w 

where exact means that the rows and columns, in the preceding diagram, are 
distinguished triangles in T. The base change, which is the dual notion of 
co-base change, also holds (see [I^). 

Let X and y be classes of objects in T. We put := {Z G T : 
Homr(^, -)|a' = 0} and X^ := {Z T : Homr(-,^)|A' = 0}. We de- 
note hy X * y the class of objects Z e T for which exists a distinguished 
triangle X ^ Z ^Y ^ X[l] in T with X e A" and F e 3^. In case y = {F}, 
we write X *Y instead oi X *y. 

It is also well known that the operation * is associative (see [21 1.3.10]). Fur- 
thermore, it is said that X is closed under extensions if X * X C X. 

Recall that a class X of objects in T is said to be suspended (respec- 
tively, cosuspended) if X[l] C X (respectively, A[— 1] ^ X) and X is closed 
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under extensions. By the following lemma, it is easy to see, that a suspended 
(respectively, cosuspended) class X of objects in T, can be considered as a 
subcategory of T- 

Lemma 2.1. Let X be a class of objects in T. 

(a) If E X then y C X y and y C y X for any class y of objects in 

T. 

(b) // X is either suspended or cosuspended, then G A" and X = X * X . 

Proof, (a) If G A" then we get y X*yhy using the distinguished triangle 
— > y ^ y — > for any Y (^y. The other inclusion follows similarly. 

(b) Let X be cosuspended (the other case, is analogous). Then, it follows 
that Q € X since we have the distinguished triangle ^[—1] — s-O^X— 
for any X € X. Hence (b) follows from (a). □ 

Given a class X of objects in 7", it is said that X is closed under cones 
if for any distinguished triangle A — > B — C — > A[l\ in T with A,B & 
X we have that C € X. Similarly, X is closed under cocones if for any 
distinguished triangle A ^ B ^ C ^ A[l\ in T with B, C G A" we have that 
AdX. 

We denote by Ux (respectively, xl^) the smallest suspended (respectively, 
cosuspended) subcategory of T containing the class X. Note that if X is 
suspended (respectively, cosuspended) subcategory of T, then X = Ux (re- 
spectively, X = xU)- We also recall that a subcategory U of T, which is 
suspended and cosuspended, is called triangulated subcategory of T- A 
thick subcategory of T is a triangulated subcategory of T which is closed un- 
der direct summands in T- We also denote by A7-(A') (respectively, /S.T{Xy) 
to the smallest triangulated (respectively, smallest thick) subcategory of T 
containing the class X. Observe that /S.-f{X) C /S.-r{X). For the following 
definition, see [3], [7], [S] and 0. 

Definition 2.2. Let X andy be classes of objects in the triangulated category 
T . A morphism f : X C in T is said to be an A:'-precover of C if X ^ X 
and RomriX' , f) : Homr(X',X) ^Homr(X',C) is surjective, WX' G X. If 
any C Cz y admits an X-precover, then X is called a precovering class in y. 
By dualizing the definition above, we get the notion of an /Y-preenveloping 
of C and a preenveloping class in y. 

Finally, in order to deal with the (co)resolution, relative projective and 
relative injective dimensions, we consider the extended natural numbers N := 
N U {oo}. Here, we set the following rules: (a) x + oo = oo for any x G N, (b) 
X < oo for any a; G N and (c) min(0) := oo. 
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3. RESOLUTION AND CORESOLUTION DIMENSIONS 

Now, we define certain classes of objects in T which will lead us to the 
notions of resolution and coresolution dimensions. 

Definition 3.1. Let X he a class of objects in T- For any natural number 
we introduce inductively the class s'^{X) as follows: Eq (<-f) '■— X and assuming 
defined e'^_i{X), the class e!^^{X) is given by all the objects Z ^ T for which 
there exists a distinguished triangle in T 

Z[-l] > W > X > z 

with W e e,^_i(A:') and X ^X. 

Dually, we seteQ^X) := X and supposing defined e^_i(X), the class £n{X) 
is formed for all the objects Z £ T for which there exists a distinguished 
triangle in T 

Z > X > K > Z[l] 

with K e £n^i{X) and X e X. 

We have the following properties for (X) (and the similar ones for e]^ {X)). 

Proposition 3.2. Let T be a triangulated category, X be a class of objects 
in T, and n a natural number. Then, the following statements hold. 

(a) For any Z £ T and n > 0, we have that Z e ^ni^^) */ '^^'^ on/y if 
there is a family {Kj[—1] Kj+i ^ ^ ^j}j=Q distinguished 
triangles in T with Kq = Z, Xj G X and K.^ G X . 

(b) e'iliX) = *f^o X\i] := X * ^"[1] * • • • * X[n]. 

(c) IfOeX then X[n] C e,^(A') C e!^+^{X) and e,^(A')[l] C e'^+^iX) 
Vn G N. 

Proof. (a) If n = 1 then the equivalence follows from the definition of 
£i{X). Let n > 2 and suppose (by induction) that the equivalence is true 
for e^_i{X). By definition, Z G £^(<-f) if and only if there is a distinguished 
triangle in T 

Z[-l] > Ki > Xo > Z 

with Ki G e!^_i{X) and Xq G X. On the other hand, by induction, we have 
that Ki G e'^^_i{X) if and only if there is a family {i4rj[— 1] — >■ Kj+i — >■ Xj — >■ 
Kj}^^l of distinguished triangles in T with Xj G X and L<^n G proving 
(a). " 

(b) By definition, we have that e'^{X) — X * £!^_i{X)[l]. So, by induction, 
it follows that e,^(A') = A" * i*"^oX[i])[l] = X[i]. 

(c) Assume that G By (b), we know that e^(A') = e^^_i(A') * X[n]; 
and since G e^_i{X), it follows from 12. ll (a) that X[n] C e!^{X). Similarly, 
from the equalities £^:+i{X) ^ e!;i{X) * X[n + 1] and e^+i(A) = X * e!;i{X)[l], 
and the facts that G ^"[71, + 1] and G A", we get the other inclusions from 
0(a). □ 
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Following j2j and jTj , we introduce the notion of A'-resolution (respectively, 
coresolution) dimension of any class y of objects of T. 

Definition 3.3. Let X be a class of objects in T. 

(a) X"" := U„>o e^liX) and X"" := U„>o el{X). 

(b) For any M £ T, the A" -resolution dimension of M is 

resdimA'(Af) := min{n G N : M e e^^{X)}. 
Dually, the A" -coresolution dimension of M is 

coresdini;t(A^) niin{n G N : Me e^(A')}. 

(c) For any subclass y of T , we set resdim;f(3^) '■— sup {resdimA"(M) : 
M G y}. Similarly, we also have coresdim;t' (3^) . 

Proposition 3.4. Let X and y be classes of objects in T, e y and n G N. 

Then, the following statements hold. 

(a) resdinij;(A') < n if and only if X C £^(3^) = *JLo3^W- 

(b) // X is closed under extensions, then X * X^ C X^ . 

(c) If X is cosuspended, then s!^{X) — X[n]. 

Proof, (a) It follows by definition and l3.2l (b).fcV 

(b) It follows from[3j (b) since X*X CX. 

(c) Let X be cosuspended. since £ X (see[27T](b)), we get froni l3.2l fb). (c) 
that X[n] C e!^{X) = *"^q X[i]. On the other hand, using that X *X C X and 
X[-l] C X, we conclude that *,ILo'^W = i*i=o^[i - "DM ^ {*f^o^)M C 
X[n\. □ 

The following result will be useful in this paper. The item (a) already 
appeared in 0. We also recall that A-j-{X) (respectively, A-r{X)) stands 
for the smallest triangulated (respectively, smallest thick) subcategory of T 
containing the class of objects X. 

Theorem 3.5. For any cosuspended subcategory X of T and any object C G 
T, the following statements hold. 

(a) resdim^f (C) < n if and only if C e X[n\. 

(b) X^ ^Un>oX[n]^ AriX). _ 

(c) If X is closed under direct summands in T, then X^ = A-j-{X). 

Proof, (a) If follows from EH (a), (c) since OeX (see[0 (b)). 

(b) From |3^ (c), we get X^ — Un>Q X[n]; and hence X^ is closed under 
positive and negative shifts. We prove now that X^ is closed under extensions. 
Indeed, let X[n] Y ^ X'[m] — >■ X[7i][l] be a distinguished triangle in T 
with X, X' G X. We assume that n < m and then X[n] — X[n~m] [m] G X[m] 
since n — m < and 1] C X. Using now that X is closed under extensions, 
it follows that Y G X[m] C X^; proving that A''^ is closed under extensions. 
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Hence X'^ is a triangulated subcategory of T and moreover it is the smallest 
one containing X since = U„>o X[n]. 
(c) It follows from (b). □ 

Remark 3.6. (1) Observe that a suspended class U of T is closed under 
cones. Indeed, if A ^ B ^ C ^ A[l] is a distinguished triangle in T 
with A,BgU then A[1],B e U; and so we get C € U. Similarly, if U is 
cosuspended then it is closed under cocones. 

(2) Let {y, uj) he a pair of classes of objects in T with uj C y. If y is 
closed under cones (respectively, cocones) thento^ C y (respectively, ui^ Qy)- 
Indeed, assume that y is closed under cones and let M € co^. Thus M e 

for some n e N. If n = then M € uj C y. Let n > 0, and hence there is a 
distinguished triangle M[—l] K ^ Y ^ M in T with K G £^_^(a;) and 
Y &y. By induction -fsT e ^ and hence M & y since y is closed under cones; 
proving that oj^ C y. 

(3) Note that X^ C Ux (respectively, X^ C xU) since lAx (respectively, 
xU) is closed under cones (respectively, cocones) and contains X. 

Using the fact that the functor Horn is a cohomological one, we get the 
following description of the orthogonal categories. In particular, observe that 
xU^ (respectively, ^Ux) is a suspended (respectively, cosuspended) subcate- 
gory of T. 

Lemma 3.7. For any class X of objects in T, we have that 

(a) ^Ux ^{Z eT : Homr(^,X[i]) = 0, Vi > 0,VX e X}, 

(b) xU^ = {Z gT : B.omr{X\i], Z) = 0, Vi < 0, VX G X}. 

Proof. It is straightforward. □ 

Lemma 3.8. Let y and X he classes of objects inT, n >1 and Z G T. The 

following statements hold. 

(a) The object Z belongs to y * y[l] * • • • * y[n — 1] * X[n] if and only if 
there exists a family [K, Y, ^ K,+i ^ K,[l] : Y^ G y}^!^ of 
distinguished triangles in T with Kq G X and Z = K„. 

(b) The object Z belongs to X[—n] * y[—n +!]*•••* 1] *y if and only 
if there exists a family {K^+i ^ Y^ ^ Ki ^ : Yi G y}i=o 
of distinguished triangles in T with Kq G X and Z = Kn. 

Proof. (a) Wc proceed by induction on n. If n = 1 then (a) is trivial. 
Suppose that n > 2 and consider the class 

Z„_i y * y[l] *---*y[n^2]*X[n- 1]. 

It is clear that 3^*3^[1] *• • ■*y[n— 1] *X[n] = y * Zn-i[l]; and then, we have 
that Z e y * y[l] * • • • * y[n — 1] * X[n] if and only if there is a distinguished 
triangle 

K y Y > Z > K[l] 
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in T with Y Ey and K G Zn-i- On the other hand, by induction, we have 
that K G Zn-i if and only if there is a family {Ki — > li — > Ki+i — > Ki[l\ : 
Yi G y}^Zo of distinguished triangles in T with Kq G X and iiT = K^-i- 
So the result follows by adding the triangle above to the preceding family of 
triangles. 

(b) It is similar to (a). □ 

4. Relative homological dimensions 

In this section, we introduce the A'-projective (respectively, injective) di- 
mension of objects in T- Moreover, we establish a result that relates this 
relative projective dimension with the resolution dimension as can be seen in 
Theorem l44l 

Definition 4.1. Let X he a class of objects in T and M an object in T. 

(a) The A'-projective dimension of M is 

pdx{M) := min{n G N : llomr{M[-i], -) \x= 0, \fi > n}. 

(b) The A'-injective dimension of M is 

idA'(Af) := min{n G N : Homr(-, M[i]) Ia'^ 0, \fi>n}. 

(c) For any class y of objects in 7", we set 

pd;,iy) := sup {pdAC) : Cey} and idx{y) := sup {idx{C) : Cey}. 

Lemma 4.2. Let X be a class of objects in T. Then, the following statements 
hold. 

(a) For any M G 7" and n G N, we have that 

(al) pdxiM) <n if and only if M G ^Ux[n + 1]; 
(a2) \dx{M) <n if and only if M G xl^^[-n - 1]. 

(b) pdy{X) — '\dx{y^ for any class y of objects in T. 

Proof, (a) follows from 13.71 and (b) is straightforward. □ 
Proposition 4.3. Let X be a class of objects in T and M G T. Then 
pdx{M) = Tesdim±ij^[^{M) and id;t'(-A^) = coresdim^j^i[_]^](A/). 

Proof. Since ^Ux is cosuspended fsee 13.71 fa)), the first equality follows 
from 14.21 (al) and 13.51 (a). The second equality can be proven similarly. □ 

Now, we prove the following relationship between the relative projective 
dimension and the resolution dimension. 

Theorem 4.4. Let X and y be classes of objects in T. Then, the following 
statements hold. 

(a) pdx{L) < pdxiy) + resdimj;(i), VL G T. 
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(b) If y Q Ux n ^Ux [1] and y is closed under direct summands in T, 
then 

pdx{L) = resdimj; (L) , VL 6 ^ ^ . 

Proof. (a) Let d := resdimj;(L) and a := pdp^{y). We may assume that 
d and a are finite. We prove (a) by induction on d. U d = 0, it follows that 
L ^ y and then (a) holds in this case. 

Assume that d > 1. So we have a distinguished triangle K Y ^ L K[l] 
in T with Y ^ y and K € £^_i{y)- Applying the cohomological functor 
Hom7-(— , M[j]), with AI e X, to the above triangle, we get and exact sequence 
of abelian groups 

Homr(/^[l], Af[j]) ^ Homr(L, ^ RomriY, M[j]). 

By induction, wc know that pd^^i^) ^ ct + d~l. Therefore Hom7-(L, M[j]) = 
for j > a + d and so pd^(_L) < a + d. 

(b) Let y C Ux l^x[^] and y be closed under direct summands in T. 
Consider L G y^ and let d := resdim3;(L). Bv 14.21 we have that pd;^.(3^) = 
and then pd^iL) < d (see (a)). We prove, by induction on d, that the equality 
given in (b) holds. For d = it is clear. 
Suppose that d = 1. Then, there is a distinguished triangle 

ri: Yi^Yo^LAYi[l]mTwithYi€y. 

If pd;t-(L) = then L G ^Ux[l] (seeS^l). Hence / = since y <^Ux; and 
therefore ry splits giving us that L G y, which is a contradiction since d = 1. 
So pd (L) > proving (b) for d = 1. 

Assume now that d > 2. Thus we have a distinguished triangle K Y ^ 
L K[l] in r with Y ey, K G e^_j^{y) and pd^^K) = d - 1 (by inductive 
hypothesis). Since pd;^.(L) < d, it is enough to see pd_^.(L) > d — 1. So, in case 
pd;i^(L) < d — 1, we apply the cohomological functor Hom7-(— , X[d]), with 
X G X,to the triangle L ^ K[l] ^Y[l] ^ L[l]. Then we get the following 
exact sequence of abelian groups 

Homr(F[l],X[d]) ^ Iloinr{K[l],X[d]) UomriL, X[d]). 

Therefore }iomr{K[l], X[d]) = contradicting that pd^iK) = d - 1. This 

means that pd_:^-(L) > d — 1; proving (b). □ 

Remark 4.5. Note that ifY^O andY gUx^ ^Ux[l], then Y[j\ <^Ux^ 
Vj>0. 

The following technical result will be used in Section 4. 

Lemma 4.6. Let X , y and Z be classes of objects in T ■ Then, the following 
statements hold. 

(a) pdy{X'')^pdy{X). 
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(b) // A" C Z C X"" then ]idy{Z) = pd-^;(A'). 

Proof. To prove (a), it is enough to see that pdj; {X^) < pdy (X). Let M G 
X^ . We prove by induction on d :— coresdini;^ (Af) that pd^ (M) < pdy {X). 
We may assume that a :— pdy {X) < oo. If d = then we have that M e X 
and there is nothing to prove. 

Let d > 1. Then we have a distinguished triangle M ^ X ^ K ^ M[l] 
in T with X ^ X, K £ e^_-^{X) and pd-^ (K) < a (by inductive hypothesis). 
Applying the cohomological functor Hom7-(— , with F G 3^, we get the 

exact sequence of abelian groups 

ilomriX,Y[i]) Homr(Af,y[i]) ^ llomriK,Y[i + 1]). 

Therefore }iom-r{M,Y[i]) = for i > a since pdy (K) < a. So we get that 

Pdy (A-^) < pdy (X). 

Finally, it is easy to see that (b) is a consequence of (a). □ 

The following two lemmas resembles the so called "shifting argument" that 
is usually used for syzygies and cosyzygies in the Ext" functor. 

Lemma 4.7. Let X and y be classes of objects in T such that idx{y) — 0. 
Then, for any X e X, k > and Kn E y * y[l] * ■ ■ ■ * y[n - 1] * Ko[n], there 
is an isomorphism of abelian groups 

llomriX,Ko[k + n]) ~}iomriX,Kn[k]). 

Proof. Let X G A", fc > and if„ G 3^ * 3^[1] * • • • * ^^[ti - 1] * Ko[n]. By 
13.81 (a), we have distinguished triangles rji : Ki Yi ^ A'j+i — > Ki[l] with 
Yi & y, < i < n — 1. Applying the functor Homr(-'^[— fc], — ) to rji, we get 
the exact sequence of abelian groups 

{X[-klY,) iX[-k],K,+,) ^ iX[^kiK,[l]) ^ (Xhfc],K,[l]), 

where (— , — ) := Hom7-(— , — ) for simplicity. Since idx{y) — 0, it follows that 
iiom-j-{X[—k], ifi+i) — Hom7-(X[— /c], _ft'i[l]). Therefore, by the preceding iso- 
morphism, we have 

}ioinr{X,Kn[k]) ~ Homr(X,ii:„_i[A: + 1]) ~ ••• Iloinr{X, Ko[k + n]). □ 

Lemma 4.8. Let X and y be classes of objects in T such that pd;^^(3^) = 0. 
Then, for any X G X, k>0 and G Xo[-n] * y[-n + 1] * ■ • ■ * ^^[-l] * 3;, 
there is an isomorphism of abelian groups 

Homr(A'o, X[/c + ra]) ~ YLoiiiT{Kn,X[k]). 

Proof. The proof is similar to the one given in 14.71 bv using (b). □ 
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5. RELATIVE WEAK-COGENERATORS AND RELATIVE INJECTIVES 

In this section, we focus our attention on pairs {X,uj) of classes of objects 
in T. We study the relationship between weak-cogenerators in X and cores- 
olutions. Also, we give a characterization of some special subcategories of 

r. 

Definition 5.1. Let {X,uj) be a pair of classes of objects in T. We say that 

(a) Lo is a weak-cogenerator in if X Q X[-~l\ * uj\ 

(b) u! is a weak-generator in X, if uj C X uj * X[l]; 

(c) u! is A'-injective if idxic^j) — 0; and dually, uj is Af-projective if 

The following result say us that an A'-injective weak-cogenerator, closed 
under direct summands, is unique (in case it exists). 

Proposition 5.2. Let (X^uj) be a pair of classes of objects in T such that lo 
is X-injective. Then, the following statements hold. 

(a) is X-injective. 

(b) If LO is a weak-cogenerator in X, and lo is closed under direct sum- 
mands in T, then 

u ^ X xU^[-l] =Xr\uo^. 

Proof, (a) It follows from the dual result of 14.61 (a). 

(b) Let LO Q X (~ X[—l] * LO and lo be closed under direct summands in 7". 

We start by proving the first equality. Let X ^ X f^ xU^[—'^]- Since 
X C 1] * w, there is a distinguished triangle 

77: X ^X' A X[l] in T with X' e X &tlAW uo. 

Moreover X G xU^[-l] implies that Homr(-, = (see O (b)). 

Hence ry splits and so X ^ lo\ proving that X n xl^'^[~^] ^ lo. The other 
inclusion follows from 14.21 (a2) since w C A" and iAx{'^) = 0. 
On the other hand, it is easy to see that w C A" n and since idx{Lo^) = 0, 
it follows from 112] (a2) that A n CXn xK^hM; proving (b). □ 

Proposition 5.3. Let (X.lo) he a pair of classes of objects in 7", and lo he 

closed under direct summands in T. If lo is an X-injective weak-cogenerator 
in X , then 

A n = {X e A- : i&x{X) < 00}. 

Proof. Let M e X n lo'-' . We assert that idx{M) < d < 00 where d := 
coresdimi^(Af). Indeed, from 13.21 (a), dual version, and 13.81 (a), there is some 
Wd e a;*aj[l]*- • •*a;[(i— l]>i=Af [d] with Wd G 00. So, bv l4.7l we get an isomorphism 
Homr(^, M[k + rf]) ~ Romrix, Wd[k]) for any fc > and X & X and using 
that idx{Lo) = 0, it follows that Hom7-(X, M[k + d]) = for any fc > 0, proving 
that idA'(M) < d. 
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Let N £ X he such that n := idx{N) < oo. Usmg that X C 1] * cj, we 
can construct a family {Ki — > W^i i^i+i Ki[l] : Wi £ ut, < i < n — 1} 
of distinguished triangles in T where Kq := N and Ki £ X , \/i < i < n. 
Thus, by 13.81 (a), it follows that Kn £ uj * Ld[l] * ■ ■ ■ * uj[n — 1] * N[n]; and so by 
lOwe get that HoniT(X, Kn[k]) ~ Honir(X, N[k + n]), MX e A", Vfc > 0. But 
Homr(X,]V[fc + n]) = 0, VX G A", Vfc > because iAx{N) = n. Therefore 
\dx{Kn) = and then e w (see 1121 and E2l(b)); proving that N £ X^uj''^. 
□ 

Now, we are in condition to prove the following result. In the statement, 
we use the notions of precovcring and preenveloping classes (see Section 1). 

Theorem 5.4. Let {X,uj) he a pair of classes of objects in 7", X be closed 
under extensions and lu be a weak-cogenerator in X. Then, the following state- 
ments hold. 

(a) For all C G X'^ there exist two distinguished triangles in T : 

C[-l] > Yc > Xc > C with Yc e cj^ and Xc e X, 

C '^^ > > > C[l] with Y^ e and X^ £ X. 

(b) // u is X-injective, then 

(bl) yc[l] G oi^d (fc is an X-precover ofC, 

(b2) 1] G -^{u!^) and ^fP is a uj'^ -preenvelope of C. 

Proof. (a) Let C G X^. We prove the existence of the triangles in (a) by 
induction on n resdim;t'(C). If n = 0, we have that C € X and then we 

can consider C[— 1] — s^O^C ^^Cas the first triangle; the second one can 
be obtained from the fact that X C 1] * lu. 

Assume that n > 0. Then, we have a distinguished triangle C[— 1] Ki 
Xq — > C in 7" with Xq G X and resdim;^ (i^i) = n — 1. Hence, by induction, 
there is a distinguished triangle Ki — > Y^^ — >■ X^^ — > Ki[l] in T with 
G uj^ and X^^ G X. By the co-base change procedure applied to the 
above triangles, there exists a commutative diagram 



C[-l] > Ki > Xo > C 



c[-i] > > u > c 

1 1 

XK, x^^ 
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where the rows and columns are distinguished triangles in T. Since Xq, X^^ G 
X it follows that [/ e A". By taking Xc := V and Yc Y^^, we get the 
first triangle in (a). On the other hand, since U £ X and X C 1] * 
there exists a distinguished triangle 1] — )■ J7 — > — ^ X'-' in T with 

X'-' G X and W G lu. Again, by the co-base change procedure, there exists a 
commutative diagram 



X'^[-l] > u > w > x^ 



X(^[-l\ > C > > X^ 



[f ] = Y^' [I] 



where the rows and columns are distinguished triangles in T. By the second 
column, in the diagram above, it follows that Y*^ € ui^. Hence the second row 
in the preceding diagram is the desired triangle. 

(b2) Consider the triangle 4 C ^ ^ X^ with £ lo^ 

and X^ € X. Since idA'(a;) = we have by O that \Ax{uj'^) = 0. Thus 
Homr(X[-l],-)UA = for any X e X- and so X'^[-l] e ^(w^). Let / : 
C ^ F be a morphism in T with Y e . Since Hom7-(X'^[-l], F) = 0, 
we have that fg = and hence / factors through (p'-^; proving that f'^' is a 
w^-preenvelope of C. 

(bl) It is similar to the proof of (b2). □ 

The following result provides a characterization of the category X^, and 
will be applied in [15J to deal with co-t-structures. 

Corollary 5.5. Let {X,u;) be a pair of classes of objects in T such that X is 
closed under extensions anduj is a weak-cogenerator in X. Then, the following 
statements hold. 

(a) IfOeu} then X^ ^ X * u}^ ^ X *u}^[l]. 

(b) If X[-l] C X then A"^ = <Y * = <Y = X[-l] *a;^. 

Proof. We assert that X * C X^. Indeed, since lu C X it follows from 
1321(b) that e^iuj) C e^liX), giving us that lu'' CX^. Hence X*uj'' CX*X^ 
and then X*uj^ CX^ by [SH (b). 
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(a) Let e uj. By EH (a) we have that C X ^ ^^^[1], and therefore, by 
[321 (b) we get a;^[l] C w^. But X * lu'' C X * X"" C X^ by [331 (b), and then 
X'^ = X 't'Lj^ ^ X'tcuj^ll]. 

(b) Let 1] C X. By 15.41 (a) and the assertion above, we have X^ C 
X[~l] *uj^ C X C X^. On the other hand, from [Ol fal . it fohows that 
X^ C X*uj^[l]. So, to prove (b), it is enough to see that X*uj^[l] C X^. Let 
C e X * Lu^[l]. Then there is a distinguished triangle F — 5- X C — !• Y[l] in 
T with X e X Si-ad Y e uj'^ . Hence it foUows that C e X^ since uj'^ C X^; 
proving (b). □ 

We are now in position to prove that if w is an (Y-injective weak-cogenerator 
in a suitable class X, then the w'^-projective dimension coincides with the X- 
resolution dimension for every object of the thick subcategory of T generated 
hyX. 

Theorem 5.6. Let {X, uj) be a pair of classes of objects in T which are closed 
under direct summands in T- If X is closed under extensions and ui is an X- 
injective weak-cogenerator in X, then 

pd„4C) - pd„(C) = resdim;t(C), VC e A'^ 

Proof. Let C e X^. By [O (b) and the dual of [HI (a), it follows that 
pd;^(C) = idjcjl^^) — id{c'}(w'^) = pd^A(C). To prove the last equality, we 
proceed by induction on n := resdim;f(C). To start with, we have pd^{X) = 
idx{uj) = 0. If n = then C E X and so pd^{C) = = resdimA'(C). 

Let n = 1. Then, we have a distinguished triangle Xi Xq — > C — ^ Xi [1] 
in T with Xi G X. Bv l5.4l (a), there is a distinguished triangle Yc Xc ^ 
C — > Yc[l] in T with Yc G uj^ and Xc G X. By the base change procedure, 
there exists a commutative diagram 

Yc 

I 

Xi > E 



Xi > Xo 

I 

Yc[l] 

where the rows and columns are distinguished triangles in T- Since Xi , Xc G 
X it follows that E E X. On the other hand, since Hom7-(X, Y[l]) — for any 
X E X and Y E uj^ (see 15.21 (a)), we get that /3a = and then the triangle 



Yc 



-> Xc 

-> C 
P 

= YcW 



^ ^i[l] 



^i[l] 
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Yc ^ E ^ Xq ^ Yc[l] splits getting us that Yc e A" n = w fseelO]). 
Using that ^d^{X) = and 14.41 (a), we have that \)d^^{C) < resdimA'(C) ~ 1. 
We assert that pd^(C) > 0. Indeed, suppose that pd„(C) = 0; and then 
Honir(C, W[l]) = for any W e u}. Since Yc S w we get that /? = and 
hence the triangle Yq -> Xc C ^ ^c[l] splits. Therefore G ^ X contra- 
dicting that resdini;^' (C) = 1; proving that pd^(C) = 1 = resdim;t'(C). 

Let n > 2. From WM (a), we have that pd^(C) < msdixnxiC) — n since 
pd^(A') — 0. Then, it is enough to prove that Hoin7-(C[— n], — )|^ ^ 0. Con- 
sider a distinguished triangle Ki — > Xo C ^ in T with Xq G X and 
resdini;f (ifi) — n — 1 — pd^(ifi). Applying the functor Honi7-(— , VF[n]), with 
W u, to the triangle C — > — > Xo[l] C[l] we get the exact sequence 
of abelian groups 

Homr(Xo[l], -> }iomr{Ki[l],W[n]) Homr(C, 

Suppose that Hom-riC[-n], = 0. Then Hom7-(i^i[l], W^M) = since 
idx{oj) = and n> 2; contradicting that pd^(i<'i) = n — 1. □ 

Lemma 5.7. Let X be a class of objects in T and A ^> i? — > C — > A[L] a 
distinguished triangle in T- Then 

(a) idx{B) <max{idx{A),idx{C)}; 

(b) idx{A) < max{idx{B),idxiC) + 1}; 

(c) id^(C) < niax{id;t(S),id;,(A) - 1}. 

Proof. It is straightforward. □ 

The following result gives a relationship between the relative injective di- 
mensions, attached to the pair {X, w), and the cj-coresolution dimension. Such 
a result will be applied in [TF to deal with co-t-structures. Observe that 15.81 
is not the dual version of 15.61 

Proposition 5.8. Let {X,uj) be a pair of classes of objects in T such that 
w C xU- If ^ is closed under direct summands and X -injective, then 

id^ (C) = idA' (C) = coresdim^ (C) , \/ C xU r\ uj"^ . 

Proof. Assume that uj is closed under direct summands and idx{^) — 0. 
Let C G xl^ n and n coresdim^(C). By the dual of 14.41 (b), it follows 

(*) a :— idcj(C) < idx{C) = coresdim^(C) = n. 

Moreover, since C G o;^ there is a distinguished triangle [rj) : C — J> — >■ 
Ki — >■ C[l] in 7" with Wq G lo and coresdimi^(ii'i) = n—1. Furthermore, from 
13.21 (a) we get that Ki e xU since xU is closed under cocones and lo C xU- 
Now, we prove the result by induction on a. 

Let a = 0. We assert that C G a; (note that if this is true, then the 
result follows). We proceed by induction on n. If n = it is clear that 
C G w. So we may assume that n > 0, and then, applying 15.71 to (jf) it 
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follows that idaj(i^i) = 0. Hence by induction we get that Ki E cj, and so 
Honi7-(ifi, C[l]) = since iduj(C) = 0. Therefore the triangle (77) splits and 
then C G w; proving the assertion. 

Assume that a > 0. Applving |5.7l to (77), we get that idi^{Ki) < a— 1. Thus, 
by induction, it follows that id^(/'Sri) = id;t'(^i) = coresdimtj(_R'i) = n — 1. In 
particular, we obtain that ri — 1 < a — 1 and hence by (*) the result follows. 
□ 

The following result provides a characterization of in terms of X. From 
this, we get some nice relationship between other subcategories. 

Proposition 5.9. Let {X,uj) be a pair of classes of objects in T such that lu 
is closed under direct summands in 7", X is closed under extensions and lu is 
an X -injective weak-cogenerator in X . Then, the following statements hold. 

(a) xU^[-l]r\X'^ =uj'^. 

(b) If X[-l] C X thenUuj = = X^[-l]f^X''. 

Proof, (a) Let C E xU^[—l\ n X^ . In particular, from l5.4l fa), there exists 
a distinguished triangle Yc — > Xc ^ C — > Yc[l] in T with Yc E uj^ and 
Xc € X. We assert that \dx{Xc) — 0. Indeed, it follows from 15.7) (a) since 
id;t.(C) = = idx{Yc) (see HIS] and [521(a)). Therefore, Xc € X C^ xU^[-l] 
and bv l5.2l (b). we get that Xc E proving that C E uj^. On the other hand, 
since idx{uj^) = 0, we have from that C xl^-^h^] n X^. 

(b) Assume that 1] C X. Therefore, from (a), it follows that o;'^ = 
IJnA"^. Furthermore, since 1] is suspended and X^ is triangulated 

(see l3.5|) . we conclude that uj^ is a suspended subcategory of T; and so U^j C 
cj^. Finally, the equality Uui = follows from 13.61 (3). □ 

Theorem 5.10. Let {X,lu) be a pair of classes of objects in T which are 
closed under direct summands, X be cosuspended and lo be an X -injective 
weak-cogenerator in X . Then, 

e^(A:') = X[n] = A"^ n ^U^[n + 1] = A"^ n ^(a;^)[n + 1], Vn > 0. 

Proof. From [331 we have that £^^{X) = X[n] and X'^ = U„>o X[n]. On the 
other hand, bv 14.21 and 15.61 it follows that 

X'^ n -^W^A [n + 1] = A-^ n ^U^[n + 1] = X[n] n AT^ = X[n]. 

Finally, since is a suspended subcategory of T (see 15.91 (bl). we have that 
^^cjA = -""(w^); proving the result. □ 

The previous results can be seen under the light of the so called torsion 
theories, in the sense of lyama-Yoshino. Such torsion theories have been 
extensively studied in relation to the cluster theory (see [H]). 

Definition 5.11. 11, Definition 2.2] A pair {X,y) of subcategories of T is 
called a torsion theory in T, if the following conditions hold. 
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(a) X and y are closed under direct summands in T- 

(b) YioYar{X,y) =0. 

(c) r^x*y. 

Corollary 5.12. Let {X,uj) he a pair of classes of objects in T, which are 
closed under direct summands in T, and such that X is cosuspended and w is 
an X-injective weak-cogenerator in X. Then, the pair (^",^^[1]) is a torsion 
theory in the thick triangulated subcategory X^ of T. 

Proof. Since X is cosuspended and closed under direct summands, we 
know from 13.51 (c) that X'^ is a thick triangulated subcategory of T. On 
the other hand, from 15 .51 it follows that X'^ — * and furthermore, 

Hom7-(A',a;^[l]) = since w is A'-injective. Finally, bv l5.9[ we get that is 
a subcategory closed under direct summands in T. □ 

Definition 5.13. For a given class y of objects in T, we set y (y^)^. 

Lemma 5.14. Let X be a class of objects in T. Then, the following statements 
hold. 

(a) // X^ is closed under cocones then C X^ for any uj C_ X. 

(b) X'^ is closed under cocones if and only if X^ =^ X^ . 

(c) // A"^ = X-- then X'^l-l] C X"". 

Proof, (a) Let w C A" and assume that X'^ is closed under cocones. Hence 
C X'^ and so by[33](2), we conclude that w~ C X'^ . 

(b) Assume that X'^ is closed under cocones. It is clear that X'^ C X"" . 
On the other hand, by (a) it follows that X^ C A"^. 

Suppose that X^ = X^ . Let A ^ B ^ C ^ A[l] he a. distinguished 
triangle in T with B,C in X^. Then A e X^ ^ X^ and so A"^ is closed 
under cocones. 

(c) Let X^ = X"" and consider X e X^. Since, we have the distinguished 

triangle X[-l] ^ ^ X ^ X and 0, X e A"^, it follows from (b) that 
X[— 1] e X^; proving the lemma. □ 

Corollary 5.15. Let {X,uj) be a pair of classes of objects in T. If X is 
cosuspended and uj C_ X, then w~ C X^ = X^ . 

Proof. It follows from 15.111 and the fact that X^ is triangulated (see 13. 5p . 

□ 

In case w is an A-injective weak-cogenerator in a cosuspended subcategory 
X of T, both closed under direct summands, the thick subcategory A7-(cj) of 
T can be characterized as follows. 

Theorem 5.16. Let {X,uj) be a pair of classes of objects in T, X be cosus- 
pended and Lo be closed under direct summands in T- If UJ is an X-injective 
weak-cogenerator in X, the following statements hold. 
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(a) cj- = {C e A"^ : idx{C) < 00} ^ XTi (^"-^[-1])^. 

(b) a;~ is the smallest triangulated subcategory of containing w, that 
is uj"" — Ax^ (w). 

(c) // X is closed under direct summands in T , then 

'Kt{lo) = uj^ = 'Kr{x) r){x^[-i\Y . 

Proof. Assume that w C A:" C X[-\\ * uj and \Ax{i^) = 0. Let {C G 

X^ : 'vlx{C) < 00}. We start by proving that tj~ C y. Bv l5.15l we know that 
uj~ C X^. On the other hand, since idx{i^^) — (see I5.2f a)). we can apply 
the dual of I4.4r a). and then idA:'(C) < coresdim^^A (C) < 00 for any C G w""; 
proving that w'^ C y. 

Let C & y. By Em (a), there is a distinguished triangle C ^ ^ 
C[l] in T with 6 and G X. Hence, from O (c) we get that 
'vlx{X^) < 00 and then, hy^^X'-' G C uj~; proving that C G a;~. Hence 
y C a;~. In order to get the second equality in (a), we use 14. 2 1 and the fact 
that X = xU to obtain 

{C G A^ : idx{C) < 00} = A"^ n (U„>o A"^ [-n - 1]). 

On the other hand, since 1] is suspended, then by the dual of 13.51 it 

follows that (^"^[-1])^ = U„>o A'^[-n - 1] and also that (^-^[-1])^ is a 
thick subcategory of T- In particular, by 13.51 we get (b). Finally, (c) follows 
from (a) and l3.51 □ 

The following result will be applied in JS] to deal with co-t-structures. 
Also, it will be applied in Section 5, to get some connection with relative 
Rouquier's dimension. 

Proposition 5.17. Let {X,ljj) he a pair of classes of objects in 7", X co- 
suspended and UJ closed under direct summands in T . If uj is an X -injective 
weak-cogenerator in X, then 

(a) id„(C) = idx{C) < 00, VC G a;~; 

(b) UJ~ nu:U-^[-n-l]=uj~ nX^[-n-l], Vn>0. 

Proof. (a) By 13.51 and 15.161 we know that X^ and a;~ are triangulated 
subcategories of T. Furthermore, from 15.131 it follows that a;~ C X^. Let 
C G a;~. It is enough to prove that id;f (C) < idcj(C). In order to do that, we 
will use induction on n := idtj(C). 

Since C G X^, we have from 15.41 the existence of a distinguished triangle 
(77) : C Y'^ ^ X^ ^ C[l] in T with Y^ e co^ C and AT^ G X. 
We assert that A*^ G X D u"^ . Indeed, using that lu~ is triangulated we 
conclude that A*^ e XCiuj" and hence idA'(A'^) is finite (see 15. 161 (a)). Thus 
X'^ £ X Ciuj^ bv 15.31 proving the assertion. 
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Let n = 0. Then id^{X'^) = since idc^(r^) = (see and EH). On the 
other hand, Em gives the equahties coresdinicj(X'-^) — idcj{X'^') = 0. Hence 
G w and since id,^(C) = 0, it fohows that UomriX^ , C[l]) = 0. Therefore, 
the triangle {i]) sphts giving us that C is a direct summand of Y^' , and hence 
idxiC)<idxiY^)<idx{Lo'')^0. 

Assume that n > 0. Since idx{Y^) = = id^(F'^), it fohows from [5Jl that 
id^(X<^) < n-1. Hence, by induction idx{X^) < id^iX^) < n-1. Therefore, 
applying again [5?71 to the triangle (77), we get that idxiC) < n = idu,{C); 
proving the result. 

(b) Bv l4.2[ the item (a) and the fact that xl^ — X the result follows. □ 

6. Some connection with Rouquier's dimension 

In this section, we introduce some kind of "relative Rouquier's dimension" ; 
and relate it with the Rouquier's dimension and the other relative dimensions 
developed in this paper. 

Let X and y be classes of objects in a triangulated category T- Consider the 
smallest subcategory {X) of T containing X, closed under shifts, finite direct 
sums and direct summands, that is, (X) := add (Uigz Let X(}y := 

{X *y) . Following R. Rouquier, we inductively define (--f )q := and (X)^ := 
{X)^_-^^ <) {X) for n > 1. The objects of {X)^_^ are the direct summands of the 
objects obtained by taking a n-fold extension of finite direct sums of shifts of 
objects of X. 

The following dimension for triangulated categories was introduced by R. 
Rouquier and has been extensively studied in |17] . 

Definition 6.1. [171 Definition 3.2] Let T be a triangulated category. The 
dimension of T is 

dim (7~) := min{n G N | there exists X £ T such that (X)^^^-^ ~ T}. 

Lemma 6.2. Let X be a class of objects in a triangulated category T. Then, 
for any n G N, the following statements hold. 

(b) {X)^C{X)^^,. 

Proof, (a) By induction over n, it can be seen that {X)^^^ = {*i'=i i'^)) ■ 
On the other hand, from [321 (b), we have e,^((A')) = *f^o i-^) W = *"=i^ i^) 
since {X) [i] — {X) for any i G Z; proving that (X)^^-^ = {e^{{X))) . Similarly, 
by the dual of[3j(b), it follows that {X)^^^ = (e^((A'))) . 
(b) It follows from (a) and [321(c), since G (A") . □ 



We now introduce the relative Rouquier's dimension as follows. 
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Definition 6.3. Let T he a triangulated category, X a class of objects in T 
and M G T- The X -dimension of M is 

dim;f (^^) := niin{n G N such that M G 

For a class y of objects in T, we set dmix{y) sup {dini;f (1") : Y G y}. 

Lemma 6.4. Let T be a triangulated category, and X, y be classes of objects 
in T . Then, the following statements hold. 

(a) For any n G N, d\mx{y) <n if and only if y ('^)n+i • 

(b) If X <zy then d\my{M) < dimx(M) V M G T. 

Proof. (a) Let dimx{y) < n. Hence, for all Y ^ y, we have m{Y) := 
diuixiY) < n. Therefore, from (b) , it follows that Y G {X)^f^Y)+i ^ 
('^)„+i ; proving that y C {X)^_^^ . Finally, assume that y C (X)^^^-^ . So, it 
follows directly that dim;f (3^) < n. 

(b) Let X C y and M G T. Thus {X) C (y) and hence {X) C 
*?=! {y) C (3^)) = (y)^^ . Therefore {X)^^ C (y)^ and so we get that 

dim3;(M) < dimA-CAf ). □ 

Now, the relative Rouquier's dimension is related to the Rouquier's dimen- 
sion as follows. 

Proposition 6.5. Let T be a triangulated category. Then, 

dim(r) = min{dimjf(r) : XeT}. 

Proof. Frominm (a), we can write down the following equalities 

dim (T) = min{n G N | there exists X eT such that {X)^j^^ — T} 
= min{n G N | there exists X G T such that dimx(T) < n} 
= minjdimxlT) : X G T}. □ 

The following are some relationships between relative Rouquier's dimen- 
sion and the other relative dimensions as coresolution, resolution, relative 
projective and relative injective dimension. 

Proposition 6.6. Let T be a triangulated category, X a class of objects in 
T and M G T ■ Then, we have that 

dim;f(M) < min{resdim(;t'^(Af),coresdim(;t'^(Af)}. 

Proof. From 16.21 (a), we have the inclusions C {X)^j^^ and 

C (A:')„_^i . Hence the result follows. □ 

Proposition 6.7. Let [X,uj) be a pair of classes of objects in T which are 
closed under direct summands in T . If X is closed under extensions and lo is 
an X -injective weak- cog enerator in X, then 

dim;t(C) < pd^(C) < cx), V C G A"'. 
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Proof. It follows from 16.6 1 and 15.61 since X C [X) . □ 

Proposition 6.8. Let {X,uj) he a pair of classes of objects in T which are 
closed under direct summands in T. If X is cosuspended and uj is an X- 
injective weak-cogenerator in X, then 

dini..(C) <idA'(C) =id^(C) <oo, VCecj^. 

Proof. By 15.171 we know that idcj(C) — idx{C) < oo for any C £ oj'^. 
On the other hand, from 15.21 (b), it follows that w = xl^ D since 
X — xl^- In particular, the dual of 14.41 (b) holds (take y := ui) and hence 
idx{C) = coresdim^(C) for any C G w^. Observe that o;^ C aj~ since w'^ 
is the smallest triangulated subcategory of T containing uj (see 15.161 (b)). 
Therefore idi^(C) = id;f(C) < oo for any C £ o;^. Finally, from 16.61 we get 
that dimtj(C) < coresdim;^(C) since lu C (o;) , proving the result. □ 

In what follows, T is assumed to be a fc-linear, Hom-finite triangulated 
and KruU-Schmidt category over a fixed field fc; and C is a KruU-Schmidt 
subcategory of T which is closed under direct summands in T. It is said that 
C is n-cluster tilting (see [T31) if it is functorially finite and C = C^l^i C[—i]'^ = 

The following is an example of a triangulated category T having finite 
C-dimension. 

Proposition 6.9. Let C be a n-cluster tilting subcategory ofT- Then, 

dimc(T) < resdimc(T) < n — 1. 

Proof. From [TTJ Theorem 3.1], we know that T = C[i]. Therefore, by 
13.21 (b), we conclude that resdimc(T) < n — 1. Finally, by 16.61 it follows that 
dimc(T) < resdimc(T) since C C (C) ; proving the result. □ 
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comments, corrections and suggestions. 
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